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Stochastic Co-optimization for Hydro-Electric 
Power Generation 

Shi-Jie Deng, Senior Member, IEEE, Youxun Shen, and Haibin Sun  

  
Abstract—This paper proposes a stochastic programming 

framework for solving the optimal scheduling problem faced by a 
hydro-electric power producer that simultaneously participates 
in multiple markets. Specifically, the hydro-generator 
participates in both the electricity spot market and the ancillary 
services market as a price taker.  It seeks to maximize its profit 
by jointly optimizing its energy/capacity sales and scheduling into 
all markets subject to market uncertainties and operational 
constraints. The impact of market uncertainties on the co-
optimization problem over a pre-specified time horizon is 
analyzed through the stochastic programming formulation 
incorporating both ancillary service and market price 
uncertainties. Numerical case studies on the advantages of the 
proposed stochastic co-optimization strategy for a hydro-
generator to hedge market uncertainties are carried out with a 
set of realistic parameters.  The proposed model can also be 
adapted for determining the optimal scheduling and bidding 
strategy for a power producer facing additional types of market 
and operational uncertainties.  
 

Index Terms—Ancillary service, electricity energy market, co-
optimization, stochastic programming,  

I.  NOMENCLATURE 
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hL  Indicator of market price scenario in hour . h
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 denoting the expected revenue from energy market, 
 regulation-up, regulation-down, spin reserve, and 
 non-spin reserve services in hour , respectively. h

nS   Indicator of ancillary service scenario at stage n . 
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nT /  Lower/upper MW-equivalent water inflow target at u
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hy~ /  Random number/expected value of MW generated 
in hour h . 
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nY  Accumulated MW generated at stage . n
hΛ  Vector of [ ]TB
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components denoting the prices of energy market, 
regulation-up, regulation-down, spin reserve, non-
spin reserve service markets and balance market in 
hour , respectively h

Π  State transition matrix of a Markovian market price 
process.  

Φ  Limiting probability vector of the Markovian price 
process. 

hκ  A constant coefficient vector, [ ]1,1,0,1,1=hκ . 

hγ  A constant coefficient vector, [ ]1,1,0,1,0=hγ .  
Ψ  A constant coefficient vector, [ ]0,0,,,1 DU ρρ −=Ψ   
Γ  A coefficient matrix converting vector to .  hΛ hp

( )kα / ( )kβ  Ancillary service scenario -dependent coefficients. k
{ NSDU ,,, }ρ  Call probabilities of {regulation-up regulation-

down, spin reserve, non-spin reserve} services.  
{ }NSDU
h

,,,~ρ  Bernoulli random variables. with expected values 
being { }NSDU ,,,ρ .  

k
nϕ  Probability of kSn =  at stage . n
j

hφ  Probability of jLh =  in hour h . 

21 , jjτ  One step state transition probability from market 
price level scenario  to . 1j 2j

S
nξ  Ex-post information of ancillary service at stage n . 
L
hξ    Ex-post information of market prices in hour h . 
( )⋅π  Revenue function over the whole planning time 

horizon (or in stage n if augmented with subscript 
).  n
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Note that when augmented with superscript ( , )121 ,,, −nkkk L

( )hj , or both, the above variables represent their values given 
scenario , ( , , or both.  When 
augmented with subscript of a set of hours, the above variables 
represent a vector of the variables indexed with each in the 
set. 

ii kS = )1,,2,1 −= ni L jLh =

h

II.  INTRODUCTION 
N electricity market designs such as the one implemented in 
California, there often exist multiple markets for selling and 

buying electric power.  These markets typically include 
forward energy markets, ancillary services (AS) markets, and 
real-time energy markets.  While the overall transaction 
volume of the ancillary services markets is smaller than that of 
the energy markets, the revenue from selling ancillary services 
can yield significant profit potential or cost reduction.  A 
mature pool-based electricity market offers participants the 
choice (and certain obligation) to participate in the ancillary 
services markets besides the energy markets. To determine the 
best portfolio strategy for selling electricity into these markets, 
market participants need to jointly optimize (or, co-optimize) 
the allocation of electricity generation capacity dedicated to 
each market incorporating both price and operational 
uncertainties in the energy and ancillary services markets. 
There has been a large amount of research on the co-
optimization problem of selling electricity into multiple 
markets given deterministic price forecasts. However, much 
less literature is available on such a problem subject to 
stochastic prices as well as random service requests on the 
committed ancillary services capacity.  This paper attempts to 
address this disparity by providing a stochastic co-
optimization framework for optimizing the operations of a 
hydro-electric generator. The framework can be extended to 
other applications such as optimal bidding of generation 
capacity in multiple electricity markets facing price and 
operational uncertainties. 
     While the electricity contracts, ancillary services and real-
time markets are similar in the sense that their transactions are 
all completed through auctions, they differ in the types of 
products offered for trading.  Unlike the forward and real-time 
(instantaneous delivery) energy markets which are for firm 
energy delivery, the ancillary services market is a forward 
market for capacity with obligation to deliver energy only 
when called in real-time.  The need for ancillary services as a 
form of reserve capacity comes from the fact that it is 
impossible to forecast system demand exactly and then 
purchase electricity for all the customers ahead of time.  
Although the real-time energy market is also available for 
load/generation balancing due to errors in forecasts (or 
strategic bidding), it is very difficult to predict how much 
capacity would show up in real-time since there are no 
forward obligations by the participants.  In order to “lock-in” 
some reserves ahead of time and thus ensure that at least some 
additional capacity is available in real-time to balance 
potential discrepancy between load and generation, the 

independent system operator (ISO) pays a reservation price to 
all the participants who clear the AS market to keep their 
capacity idle and available for generation increase (or load 
decrease) if needed in real-time.  In addition to the capacity 
reservation price, participants in the AS markets also receive 
payments for energy generated in real-time at the real-time 
market clearing price, which is determined by the aggregate 
energy bids in the real-time market. 
     Normally, market clearing prices in the energy and AS 
markets are formed from their respective bids received. There 
are four major ancillary services (namely, regulation-up, 
regulation-down, spinning reserve, and non-spinning reserve), 
which are differentiated by the flexibility and response-time of 
service offered. Regulation services are devoted to the 
continuous balancing of generation resource and load to assist 
in maintaining normal system frequency. They are 
accomplished by online synchronized generation capacity 
ready to respond to automatic generation control signals. 
Regulation-up and regulation-down services are procured 
separately. Spin and non-spin reserves (namely, operating 
reserves) are prepared for purposes such as peak load shaving 
and security maintenance in case of plant or transmission 
outages. Regulation up, spin and non-spin all come from 
generation units operating at less than full capacity.  
Regulation-up is replaced gradually by operating reserves if 
the system balancing requirements persist.  
     When simultaneously participating in the energy and AS 
markets, participants strive to get the best strategy for 
allocating their capacity between energy and AS markets so as 
to maximize their profits or minimize their overall costs.  In 
order to solve this problem, the market participants need to be 
able to forecasting prices and their volatility level in all of the 
energy and ancillary services markets.  While there has been 
significant research done in the area of price forecasting, the 
task of getting accurate energy price forecasts is still daunting 
at best.  This suggests that the incorporation of a rigorous yet 
practical stochastic price model into a co-optimization 
framework is quite challenging. 

The ancillary service uncertainty is another important type 
of uncertainty borne by a market participant.  AS capacity is 
procured as an insurance against unpredictable real-time 
imbalance between demand and supply.  The regulation 
capacity actually called in real-time is highly variable.  
However, we are not aware of any research addressing the 
ancillary service uncertainty explicitly. 
     This paper tackles the problem of obtaining a profit-
maximizing capacity allocation policy in the presence of 
energy and AS market uncertainties.  Specifically, we consider 
a profit-pursuing hydro-power producer participating in 
energy and AS markets as a price taker. The co-optimization 
model of capacity allocation in multiple markets for this hydro 
producer is formulated and solved utilizing stochastic 
programming, which gives rise to an optimal scenario-
dependent scheduling strategy instead of just a fixed trajectory 
as is the case of deterministic optimization. We employ 
stochastic programming techniques for hedging potential 
revenue loss against market uncertainties by explicitly taking 
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into account the energy price volatility and the AS request 
variability in the form of regulation-up and down service call 
probabilities. The advantages of the stochastic programming 
solutions over their deterministic counterparts have been 
demonstrated over a wide spectrum of applications in [2].  
     The remainder of the paper is organized as follows. Section 
III provides a literature review.  A deterministic multi-market 
hydro-generation scheduling model is presented in Section IV.  
Sections V and VI discuss the modeling of ancillary service 
and market price uncertainties, respectively. In Section VII, a 
complete stochastic programming model for the co-
optimization problem incorporating both types of uncertainties 
is presented. A case study with realistic data is carried out to 
illustrate the advantage of the proposed stochastic formulation 
in Section VIII with output graphs and tables. Section IX 
concludes and outlines some future research directions. 

III.  LITERATURE REVIEW 
     Literature on stochastic co-optimization is scant.  Most of 
the early works on the co-optimization problem adopt a 
deterministic formulation and employ point estimates for the 
random variables.   
     A deterministic framework of scheduling in an integrated 
energy-reserve market is proposed in [4].  [9] introduces a 
security-constrained unit commitment model to achieve 
simultaneous optimization of energy and ancillary services 
markets given market demand information. In the spot market, 
power producers take on the responsibility of estimating the 
tradeoff between participating in alternative markets and 
determine the optimal capacity allocation to each market in 
response to time-varying market conditions over a given time 
horizon.  [1] addresses the optimal response of a thermal unit 
to energy and spin reserve spot markets assuming accurate 
market price forecasts. However, the applicability of the 
results hinges on the accuracy of the price estimates. Profit 
opportunities can be lost if the estimates deviate from the 
realized values significantly.  
     An overview of the application of stochastic programming 
techniques in energy markets is provided in [15]. The 
increased awareness of market uncertainties calls for rigorous 
risk management of exposures to both ancillary service and 
market price uncertainties. For a power producer, risk 
exposures are controlled by putting proper financial 
instruments, such as futures contracts and flexible-load 
contracts, into its portfolio. [10] presents a risk management 
approach that integrates futures contract hedging and hydro 
generation scheduling in the energy markets.  The risk level 
can be controlled by setting prudent value-at-risk targets.  
Moreover, the operation scheduling strategy can be expanded 
via more involved mathematical programming techniques for 
hedging against uncertainties.  Early applications of stochastic 
programming techniques to unit commitment problems can be 
found in [3], [8], and [14].  Specifically, [3] models the 
uncertainty of demand and unit failures;  [8] introduces 
PG&E's optimal scheduling system SOCRATES which 
coordinates hydro-generation with other energy sources with 
respect to stream-flow forecasting models and other 

hydrological information; [14] reports a multi-stage stochastic 
programming model for unit commitment considering demand 
uncertainty.  An optimal intelligent control of powerhouse-
flows and spill-flows in a hydro power system with a network 
of river basins is presented in [6], where the uncertainties in 
exogenous water availability and electricity demand are 
considered.  [12] addresses the problem of scheduling the 
turbines in a chain of stations down a river valley subject to 
uncertain demand. [11] uses chance constrained programming 
to ensure a high probability of satisfying load.  [7] presents a 
dynamic programming two-stage algorithm approach to the 
long-term hydrothermal scheduling of multi-reservoir systems 
where stochastic behaviors of inflows are treated by 
considering a large finite sample of hydrological sequences.  
Only in recent years has price uncertainty come to attract the 
research attention. For example, [13] studies optimal bidding 
strategies for the day-ahead energy market and automatic 
generation control (AGC) markets in the presence of price 
uncertainties. Although the literature on thermal unit 
commitment is plentiful, the literature on hydro-electric units 
is relatively limited. In [5], the self-scheduling of cascaded 
hydro generating plants along a river basin is studied in the 
context of the plants selling energy in a day-ahead market. 
However, the ancillary service uncertainty in the ancillary 
services markets, namely, the real-time service call 
randomness, is ignored in all these works. 

IV.  DETERMINISTIC MODEL 
     In this section, we present a deterministic model. Similar 
versions of the model are widely used in industry. We 
consider a hydro-electric power producer participating in an 
electricity energy market and four ancillary services markets, 
namely, regulation-up, regulation-down, spin reserve, and 
non-spin reserve. The energy market and the ancillary markets 
clear simultaneously. The producer forecasts the hourly prices 
of each market and determines the hourly capacity allocations 
correspondingly. Assume we have an estimationΛ of the 
hourly price processΛ~  for the time horizon of interest, where 
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The revenue from each market is the product of the 
corresponding price and committed capacity. Assuming equal 
incremental and decremental market prices,  can be 
determined as follows. 
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where , , and denote the transpired values of real-
time call probabilities of spin reserve, non-spin reserve, 
regulation-up, and regulation-down services, respectively. 
Note that the revenues from ancillary services consist of both 
capacity payment and real-time balancing energy payment. 
However, due to the fact that and are typically very 
small (less than 1% on average), the energy payment terms in 
spin and non-spin reserve revenues are ignored in this paper.  

Sρ Nρ Uρ Dρ

Sρ Nρ
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     The objective of the optimization problem is to maximize 
the expected total revenues defined in the following compact 
form. 

( ) ∑
∈

=
Hh

h
T

hH qpqπ     (1) 

where,      (2)  
hh ΓΛp =

⎥
⎥
⎥
⎥
⎥
⎥

⎦
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⎢
⎢
⎢
⎢
⎢
⎢
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00000

0000
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1
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U

ρ
ρ

Γ
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The components of the vector correspond to settlement 
prices of the five aforementioned markets. The operation and 
maintenance costs are ignored in the objective function since 
they are relatively fixed and low compared with market 
revenues. 

hp

     For scheduling of hydro units, the water supply is a major 
concern. We simplify the problem by limiting the modeling to 
hydroelectric plants that are not hydraulically coupled. The 
total MW generation potential within a time period depends on 
the elevation difference between headwater and tailwater, 
reservoir inflows and outflows, and/or contracted water flow 
limits. In the operational model of a hydro-electric producer, 
we can envisage specification of weekly or monthly target 
values for water flows, which are normally determined by 
some long-term hydro planning model. Such water flow 
constraints are termed water target constraints herein. Because 
of small andSρ Nρ  values, we can neglect  and  in the 
expected MW generated in hour and define 
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For each stage , the water target constraint is imposed as  n

{ }
.

,,1

u
n

HHh
h

l
n TyT

n

≤≤ ∑
∈ L
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It ensures that certain reservoir levels or contract 
specifications are maintained during the corresponding time 
period. Note that the Lagrange multiplier of the target 
constraint actually reveals the marginal value (namely, 
shadow price) of the corresponding water resource.  Indeed, 
this Lagrange multiplier is one of the most important inputs 
for setting optimal price bids. 
     In light of the market rule against gaming behavior of 
double booking capacity, we impose a cap of operating 
generation capacity on the regulation-down capacity as 
follows.  

E
h

D
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The total committed capacity in hour  is h
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Note that denotes downward commitment of capacity, it is 

not included in  nor  above. 

D
hq

C
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hq
     We also impose bound constraints on , , and to 
reflect operational characteristics and leave capacity margin 
for both energy and operating reserve markets as follows. 

R
hq C

hq hq

R
h

R
h qq ≤      (7) 

C
h

C
h qq ≤  

hh qq ≤≤0   Hh ∈ . 
Without meaningful bounds, a generator may tend to dedicate 
most capacity to one of the markets while leaving others out of 
consideration. Such an allocation would not be favorably 
considered as it could be viewed as manipulative from the 
market monitoring point of view. A long-term market 
participant would let go potential market opportunities in 
respecting these implied regulatory constraints. Note that 

hq  
can be quite different for PHh∈  and  due to different 
market conditions. For example, during off-peak hours, most 
generation units are operated at low output levels, the upper 
bound of is set low since little or no regulation-down 
service capacity can be committed. 

PHHh /∈

D
hq

     As in most other scheduling problems, uncertainty is a key 
ingredient of the generation co-optimization problem. We do 
not have perfect information on all the parameters such as 
those corresponding to ancillary services )( UU ρρ ~,~  and market 
prices ( )Λ~ . The decisions based on (1) are questionable if the 
range of these random variables is too large. A generalized 
stochastic formulation of (1) is proposed as follows.  

( )[ ]Ωq
q

,max HE
H

π
χ∈

     (8) 

where NR⊂χ  denotes the set of all feasible decisions which is 
defined by the constraints (5-7), andΩ denotes the set of 
possible realization of [ ]DU ρρ ~,~,~Λ .  
     The deterministic formulation (1-3) is actually an expected 
value scenario of (8) defined by 

( )Ωq
q

,max H
H

π
χ∈

, where [ ] [ ] [ ][ ]DU EEE ρρ ~,~,~ΛΩ = . 

Usually, deterministic optimization leads to an inferior 
solution since inherent randomness is disregarded altogether. 
According to Jensen’s Inequality [2], for any and -concave 
function

x Ω
( )Ωq ,HG , we have ( ) ( )[ ]HG , which 

leads to 
ΩqΩq ,, GE≥H

( ) ( )[ ΩqΩq
qq

,max,max HH E
HH

ππ
χχ ∈∈

≥

}

]. Thus, the optimal 

value of the deterministic optimization is biased upward 
relative to the optimal value of the stochastic optimization, 
due to the fact that the variability of Ω  is ignored. 
     The generation scheduling is a discrete-time control 
problem with fixed decisions occurring at different points in 
time. The essence of resorting to stochastic programming is to 
incorporate market risks into decision making. The scheduling 
problem is essentially to strike a careful balance between 
using water now and using it at a future point. While 
deterministic multi-period optimization yields decisions for all 
periods, a stochastic approach yields policies and strategies. In 
stochastic programming with recourse, recourse actions are 
taken after some uncertainty has been resolved. The set of 
decisions is divided into periods before and after the 
realization of uncertainty. In our problem, the sequence of 
events and decisions, when considering ancillary service 
uncertainty at stage n  only, is . The 
optimization problem corresponding to stage  is 

{ Nnn HH
S
nH L,1+

→→ qq ξ
n

Max  { }( ) { }( )[ ][ ]ΩqΩpqp Ω NnNnnn HH
T

HHH
T

H MaxE LL ,, 11 ++
+  (9) 
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s.t.  bAQ =nH
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where denotes mathematical expectation with respect to Ω , 
,b ,h , T , and  are (scenario-dependent) matrices or 

vectors.  Specifically, W  is called the recourse matrix [2]. 

ΩE
A W

     To solve (9) numerically, assuming a discrete distribution 
of random data with a finite number (say, K ) of possible 
realizations  with probabilities , the stochastic 
program has the following extensive form which describes the 
decision variables explicitly in each scenario. 
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     The recourse model transforms the randomness contained 
in a stochastic program into some specific parameters 
according to some random distributions. Modeling details 
such as possible set of outcomes or scenarios and the 
coarseness of the period structure must be specified with great 
care so as to achieve an optimal trade-off between realism of 
the optimization model, which affects the usefulness and 
quality of the obtained decisions, and tractability of the 
problem, which is necessary for practical implementation.  
     The approach proposed in this paper is based on 
probabilistic modeling of uncertainties in ancillary service and 
price dynamics. The objective function and constraints of the 
corresponding mathematical programming models are defined 
based on market scenarios of interest. 

V.  ANCILLARY SERVICE UNCERTAINTY 
     In hour , the regulation services can be either called or 
not. According to (4), 

h
hy~  has the following possible values 

depending on which regulation service is called. 
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Note that even though regulation-up and regulation-down 
services can be called in the same hour, such situation does 
not occur often.  Therefore, we exclude this scenario here. 
This mild assumption can be easily relaxed, albeit at the cost 
of higher dimensions of the search space.  By discretizing 

hy~ according to (11) and following formulation (9), we get the 
recourse actions corresponding to various ancillary service 
scenarios in every hour.  However, if we model all possible 
scenarios for each hour h , the number of total scenarios 
throughout the whole planning horizon would be , which 
is astronomical even for a moderate value of 

14 −H

H  and, thus,  
impractical to handle. An approximation is in order. 
     Define independent Bernoulli random variables U
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Discretize to nY 3=K  realizations which represent low, 
medium and high scenarios of accumulated participation, 
respectively.  Specifically,  
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where ( ) 2−= kkα  is set to match the first two moments of  
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this scheme, we have nK  possible realizations of total capacity 
commitment scenarios by the end of any intermediate stage . 
Given the discretization of , in order to represent the 
expected regulation service revenues at stage n  in scenario ,  
which corresponds to discrete value 

n
nY

k
( )k

nn YY = , we make ex-
post expected values of U

hρ~  and D
hρ~  for  to be  nHh ∈

[ ] ( ) ( )kUkUU
hE βρρρ ==~ , and [ ] ( ) ( )kDkDD

hE βρρρ ==~  
where ( ) ( ) µβ k

n
k Y= . 

The ex-post expected value of market price vector ( )k
hp  

corresponding to the realization of scenario kSn =  becomes 
( ) ( )

h
kk

h ΛΓp =      (13) 
where 

( )

( )

( )

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

00000
00000

0000
00010

000001

1
1

-1 kD

kU

k ρ
ρ

Γ
 . 

     The scheduling strategy can be easily determined since the 
deterministic equivalent formulation of the stochastic 
programming model is amenable to any standard optimization 
solver. The overall formulation is given below. 
Max ( ) ( )( )[ ]1211

214321

,,,
,,, ,,, −N

N
SSSS

kkk
H

k
HHE LL qqqπ

ξξξξ
  (14) 
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s.t. ( )121 ,,,,, −∀ nkkknh L , 
( ) ( ) u

n
Hh

kkk
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k
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l
n TyYT
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∈
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kkkC
h qq in ≤= −− 121121 ,,,,,, LL qκ  
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( ) ( ) R
h

kkk
hh

kkkR
h qq in ≤= −− 121121 ,,,,,, LL qγ  

( )
h

kkk
h

n qq ≤≤ −121 ,,,0 L  
where denotes mathematical expectation with respect to 
realization of , , and

S
n

Eξ

S
nξ 00 =Y ( ) ( )121121 ,,,,,, −− = nn kkk

h
kkk

hy LL Ψq .  
     Objective function (14) is readily extendible to the 

( )[ ] ( )[ ⋅⋅−⋅ ]πηπ VarE  form to incorporate the mean-variance 
tradeoff, where 0>η  is the risk-aversion coefficient.  We do 
not examine the mean-variance model in this paper.  It is 
reserved for future research. 

VI.  MARKET PRICE UNCERTAINTY 
     Significant price volatilities have been observed since the 
market de-regulation. In this section, we focus on hedging 
against fluctuating market prices. We assume the producer has 
a projected hourly market price process Λ  and, according to 
(2), the market price process vectorp  in place. For example, in 
Southern California Edison, a team of researchers is dedicated 
to price forecasting.  A variety of commercial price 
forecasting services are employed for validation purposes.  
Instead of developing a full-fledged stochastic model for the 
price evolving processes, we model the price uncertainty by 
considering a set of discrete price levels which are expressed 
in proportions of the forecast and match the means and 
projected volatilities. The uncertainty is compensated for by 
stochastic programming with recourse. For each hour Hh ∈ , 
we assume market settlement price scenarios with  J

( ) ( )
h

jj
h pηp =      (15) 

and corresponding probability with . Also we 

assume that 

j
hφ 1

1
=∑

=

J

j

j
hφ

( ) ( L
h

LL
h

L
hh jLjL 1211 ,,, −− === ξξξξ LProbProb ) . The 

decision strategy is that for each realization of energy price 
level scenario  of hour , decision  is selected for 
hour . A Markovian process is employed for modeling the 
evolution of price process. While this Markovian assumption 
simplifies the complex energy price behavior, we concentrate 
our efforts on dealing with price fluctuations. To construct the 
price model, we choose  in a way to keep 

 and keep the correlation matrix of 

market settlement prices  intact. To simplify the 
formulation, we assume that the decision strategy applies from 

 onward, meaning that the solution for the first hour is 
not scenario-dependent.  The objective function (1) of the 
optimization problem becomes 

jLh =−1 1−h ( )j
hQ

h
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   Assuming the Markovian state transition matrix of the price 
level process being  

( )[ ]1122, 21
jLjLjj ==== ProbτΠ , ,  { } Jj ,,2,12,1 L=

with limiting probability vector  

[ ]jφ=Φ , ,   ∑
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j
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the objective function (16) can be rewritten as follows.  
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or, equivalently, 

[ ] ( ) ( )∑ ∑ ∑
= = = ⎥
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11 pqpq τφ . (18) 

Corresponding to the water target constraint (5), we impose 
( ) jzz Max

h
j

h
Min
h ∀≤≤ ,qψ  

{ }
l

n
HHh

Min
h Tz
n

≥∑
∈ ,,1 L

, 
{ }

u
n

HHh

Max
h Tz
n

≤∑
∈ ,,1 L

,  n∀

where the introduction of  and  is to ensure the water 
target constraints are satisfied for each scenario. The following 
constraints corresponding to (6-7) also apply 

Min
hz Max

hz

j∀ : 
( ) ( )jE

h
jRD

h qq ≤  
( ) ( ) C

h
j

hh
jC

h qq ≤= qκ  
( ) ( ) R

h
j

hh
jR

h qq ≤= qγ  
( )

h
j

h qq ≤≤0 . 

VII.  A COMPLETE MODEL 
A complete stochastic model taking into account both 

ancillary service and market price uncertainties is presented in 
this section.  Corresponding to realizations of  and , we 
define market price vector

nS hL
( )( ) ( ) ( )

h
kjkj

h ΛΓηp = by combining 
(13) and (15). 
    Corresponding to the finite discretization of ancillary 
service and market prices uncertainties, the probability 
assigned to a scenario node  is the product of 
probabilities  and . 

( jLkS hn == , )
k
nϕ j

hφ
The following Fig illustrates the decision tree for a 4-stage 

complete model considering both ancillary service and market 
price uncertainties with discretization parameters 3=K and 

3=J . 

 
Fig. 1. Scenario tree with both uncertainties 
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 The model aims to maximize 
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VIII.  CASE STUDY 
     We consider a hydro-electric power producer controlling 
capacity up to 900MWh doing hourly multi-market generation 
scheduling for 1 month (30 days, 24 hours per day). 
Corresponding to weekly and monthly targets, the whole time 
horizon is divided into stages with the first 3 weeks 
being the first 3 stages and the rest being the 4

4=N
th stage. 

Therefore, we have 720,504,336,168 4321 ===== HIIII . 
The MW-equivalent water inflow target for the month 
is , and for targets of intermediate stage , we set  200000=NT n

[ ] [ ] N
N

n
nn

u
n

d
n T

I
ITT εε +−= 1,1,  

where %101 =ε , %52 =ε , %23 =ε , and 04 =ε .   
     The rationale for the decreasing tolerance levels for target 
deviations is that the monthly target is normally a hard target 
and there is more leeway for adjustment in the beginning of 
the month than toward the end of the month.  Actually, in 
reality, small deviation (1% to 2%, and up to 5% in emergency 
cases) is allowed for monthly targets.  However, for 
scheduling purposes, monthly targets are normally treated as 
hard targets, which explains why we have 04 =ε . 

Using Southern California Edison’s historical (June - 
August 2005) market prices data, we calibrate the joint 
distribution of market prices as follows.  The price vector 

has the following correlation matrix . hp Ξ
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4052.00000.17250.03619.04888.06099.0
4311.07250.00000.13905.05133.06451.0

5341.03619.03905.00000.12641.07768.0
2261.04888.05133.02641.00000.14397.0
6413.06099.06451.07768.04397.00000.1

Ξ

 

with triangular marginal distributions ( )TTTri ϖµ ,  where 

Tµ and Tϖ denote the mean and width of the support, 
respectively. The parameters are listed in Table I. 

TABLE I 
PARAMETERS OF PRICE DISTRIBUTIONS  (IN $/MWH) 

On-Peak ( )PHh ∈  Off-Peak ( ) PHHh /∈
 

Tµ  Tϖ  Tµ  
Tϖ  

E
hp  78.42 28.29 44.99 25.65 
U
hp  25.30 13.71 17.80 9.62 
D
hp  7.67 4.52 23.09 16.26 
S
hp  29.63 19.96 14.79 7.49 
N
hp  24.72 15.92 7.81 2.22 
B
hp  57.73 26.95 39.48 24.99 

 
The expected call probabilities of regulation services are 
assumed to be 3.0== DU ρρ , and the ad hoc capacity 
constraints and the regulatory constraints are: 

.200 ,50 ,300  ,150  ,450  ,200 /// ====== D
HH

D
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U
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U
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R
HH

R
H VVPPPP qqqqqq

To address the uncertainty of regulation service calls, we set 
3=K  and discretize as described in section V.  To capture 

the uncertainty of market prices, we set and consider a 
set of discrete price levels of : 

nY
7=J

E
hp

[ ]TE 15.110.105.100.195.090.085.0=L . 
Considering the co-movement of ancillary service prices, the 
following discrete price level matrix is calculated with each 
row corresponds to each component of  hp

.

1831.10165.10710.18365.09748.09735.09446.0
0552.11132.19935.09537.00233.10751.17861.0
1151.10393.19634.09823.01318.19524.08158.0
8085.00259.19652.09391.01121.10296.11196.1
9822.09793.01691.10109.10732.19707.08147.0
1500.11000.10500.10000.19500.09000.08500.0
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Correspondingly, diagonal matrix  can be determined with 
its diagonal components being the  column of L . 

( )jη
thj

We assume the Markovian price level process to be mean 
reverting and set the state transition matrix to be 

[ ]
( )( )
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with the limiting probability vector being 

 [ ] .,,2,1,1, Jj
J

jj L=== φφΦ   

In the presence of uncertainties, it is impossible to find a 
solution that is ideal under all circumstances.  Using the above 
parameters and probability measures, we model and solve the 
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stochastic optimization problems defined in sections V, VI, 
and VII (referred to as models S1, S2, and S3 hereinafter). 
These models are compared to the deterministic model given 
in section IV (referred to as model D). 

With the price process parameters given, we simulate a 
projected price process hΛ~ for .  GAMS is used to solve 
the models D, S1, S2, and S3 and obtain the solutions.  

Hh ∈

An immediate comparison between the models D and S1 is 
done through plotting their respective expected revenues with 
respect to Uρ  and Dρ . Since model S1 accommodates the 
uncertainty of regulation service calls, its expected revenue 
derived is less sensitive to the regulation call probabilities than 
that of model D.  

 
Fig. 2.  Sensitivity of expected revenues with respect to and    Uρ Dρ

 
The advantages of the stochastic programming formulation 

are demonstrated via Monte Carlo simulation.  By generating 
Bernoulli random variables U

hω  and D
hω  for each Hh ∈ , we 

simulate the regulation service calls. The realized revenue 
resulting from the generation scheduling solutions of models 
D and S1 can then be calculated.  Repeating the simulation for 
200 times, the realized revenues are plotted in Fig. 3.  Note 
that the S1 solutions lead to higher revenues under most 
circumstances. 
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Fig. 3.  Comparison of simulated revenues  

with regulation service call uncertainty 
 

Similarly, by simulating the market price transition process 
with random starting level at , the realized revenue 
corresponding to the respective solutions of models D and S2 
are compared and shown in Fig. 4. It is clear that the model S2 
solution consistently outperforms the model D solution. 
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Fig. 4.  Comparison of simulated revenues with market price uncertainty 
  
To mimic the uncertainties arising from regulation service 

calls and market prices, we simulate the regulation service call 
process and the market price dynamics simultaneously and 
plot the realized revenues corresponding to the respective 
solutions of model D and S3 in Fig. 5 below. 
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Fig. 5.  Comparison of simulated revenues with regulation service call and 

market price uncertainties 
 

The advantage of our stochastic programming approach is 
clearly demonstrated by the comparison of the revenue 
distributions resulting from the stochastic programming 
approach and the deterministic optimization approach as 
shown in Fig. 6. 
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Fig. 6.  Comparison of revenue PDF of deterministic and stochastic solutions 

 
The minimum variance unbiased estimates of the parameters 
of the normal distribution ( )σµ ,N  and the 95% Confidence 
Intervals (CI) of the simulated revenue by the deterministic 
and the stochastic models are displayed in Table II. 
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TABLE II 

ESTIMATES OF NORMAL DISTRIBUTION PARAMETERS (IN MILLION $) 

Model µ  95% CI of 
µ  σ  95% CI of 

σ  
Deterministic 18.24 [18.22, 18.27] 0.18 [0.17, 0.20] 
Stochastic 19.61 [19.59, 19.63] 0.17 [0.15, 0.19] 

 
The comparison reveals a more than 7% improvement in the 
realized revenue on average.  To a real market participant, it 
translates into a significant revenue gain. 

IX.  CONCLUSIONS 
    This paper proposes a stochastic programming framework 
which explicitly takes into consideration the market 
uncertainties for solving the co-optimization problem faced by 
hydro-electric power generators. Compared with the 
deterministic modeling approach, our approach yields a 
stochastic scheduling strategy which can effectively hedge the 
potential revenue loss due to uncertainties associated with the 
energy price and the realized ancillary service request. The 
proposed methodology can be adapted for determining optimal 
strategies that accommodate other sources of uncertainties 
such as unplanned unit maintenance and water inflow. 

Under the stochastic programming framework, the 
generation scheduling problem can be tackled in different 
ways. For instance, instead of resorting to the multi-stage 
formulation described in the paper, a two-stage formulation 
can be used.  As market uncertainties get revealed 
periodically, the solutions are updated in a rolling horizon 
fashion, every time by solving an updated two-stage problem.  

Several potential extensions of this model deserve further 
investigation. We can explicitly take into consideration the 
call probabilities of spin and non-spin reserve services, say, by 
modeling the spin and non-spin calls as Poisson processes. 
Impacts of a producer’s decisions on the market prices, 
especially on the ancillary service prices, can be modeled to 
make the model more realistic.  Another fruitful direction is to 
extend the model to address the co-optimization problem for a 
power producer who owns a portfolio of hydro, thermal and 
other types of generation units. 
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