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Abstract—The capability to deal effectively with the uncer-

tainty associated with locational marginal prices (LMPs) in con-
gestion management schemes requires the development of ap-
propriate financial tools. Congestion revenue rights (CRR) are 
hedging tools that provide the holder reimbursement of the con-
gestion charges in the day-ahead market and thereby provide 
transmission service customers with price certainty. In this pa-
per, we construct a framework for the design and analysis of the 
CRR by marrying finance theory notions with salient characteris-
tics of electric power systems and electricity markets. The 
framework consists of three interconnected layers with one layer 
each to represent the models of the transmission network, the 
commodity markets and the CRR financial markets. The interac-
tion between the layers is represented as information flows. The 
framework has sufficient scope to allow the analysis of a broad 
range of problems associated with ensuring price certainty for 
transmission services. The structural modularity of the frame-
work provides the flexibility to analyze issues and design struc-
tures for the provision of transmission services in the competitive 
environment. We introduce a new notion of CRR payoff parity 
and a practical pricing scheme, which are used as the basis for 
the design of more liquid CRR markets. The application of the 
framework is further illustrated by the analysis of the conditions 
that guarantee the revenue adequacy for the CRR issuer.  
 

Index Terms – Congestion management, congestion revenue 
rights, standard market design, locational marginal prices, 
fixed/firm/financial transmission rights, transmission congestion 
contracts. 

I.  INTRODUCTION 
HE advent of open access transmission and the spread of 
competitive markets in electricity have resulted in the 
growing prominence of transmission congestion. There is 

a growing realization that congestion is a major obstacle to 
vibrant competitive electricity markets. Various schemes from 
command and control to market based approaches have been 
proposed to manage congestion [1]-[4]. Congestion manage-
ment is also at the heart of the standard market design (SMD) 
proposal of the U.S. Federal Energy Regulatory Commission 
(FERC) [4] of a uniform set of rules and designs for the U.S. 
electricity sector. The proposal uses locational marginal prices 
(LMPs) to identify congestion situations and to devise a 
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scheme for their management. Under the SMD, an independ-
ent entity is established to carry out the responsibilities for the 
operations and control of the transmission system as well as 
the various markets. We refer to this entity by the generic 
name of independent grid operator (IGO) to encompass vari-
ous organizations such as independent system operator (ISO), 
transmission system operator (TSO), regional transmission 
organization (RTO) and independent transmission provider 
(ITP). At the very minimum, an integrated day-ahead market 
is operated by the IGO in which the pool customers buy (sell) 
energy from (to) the IGO and the bilateral customers – the 
entities that undertake bilateral transactions – obtain corre-
sponding transmission services. The LMPs are determined in 
this market for each network node and the presence of conges-
tion is signaled by the LMP differences. Congestion charges 
evaluated in terms of the LMP differences are collected by the 
IGO from the customers. Since the LMPs are unknown before 
the day-ahead market clears, such a scheme brings uncertainty 
to the amount of congestion charges faced by the transmission 
customers. In particular, risk-averse [5] customers may be 
unwilling to undertake transactions unless financial tools are 
available to hedge against such charges. Congestion revenue 
rights (CRR) [6]-[14] have been developed for this purpose.  

CRR are financial tools issued by the IGO that provide the 
holder reimbursement of the congestion charges collected by 
the IGO 1. Various CRR, including point-to-point rights such 
as the fixed/firm/financial transmission rights (FTR) [5], [6] 
and transmission congestion contracts (TCC) [14] and flow-
based rights [8], have been proposed. Description of their 
deployment and the associated market rules has been given in 
[6]-[14], including a detailed market power analysis of a spe-
cial class of CRR [9]. However, these descriptions focus 
mainly on the policy side of the CRR and many issues have 
still not been addressed. The growing awareness of the impor-
tant role of the CRR in competitive electricity markets encour-
ages more detailed discussion on this topic. Under such condi-
tions, a framework that sets up a mathematical basis for the 
design and analysis of the CRR is of particular interest.  

In this paper, we construct such a framework by marrying 
certain aspects of finance theory with salient characteristics of 
electric power systems and electricity markets. The framework 
consists of three interconnected layers. The physical network 
layer contains the model of the transmission network. The 
                                                           

1  A special class of CRR may be defined to have certain scheduling 
priorities associated with them. A detailed description and analysis of such 
CRR are given in [9]. In this paper, we focus on the basic financial features of 
CRR. 
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mathematical model for the day-ahead market constitutes the 
commodity market layer. The financial market layer repre-
sents the structure of CRR markets. The interaction between 
the layers is represented by information flows. The frame-
work’s structural modularity provides the flexibility to analyze 
issues and design structures for the provision of transmission 
services in the competitive environment. We focus our discus-
sion on the point-to-point two-sided CRR. However, this 
framework is also applicable to the design and analysis of 
other types of CRR such as the flow-based rights [8] and 
point-to-point rights based on “use it or lose it” rules [9]. 

Due to the hedging ability of the CRR, the outcomes of the 
CRR markets impact, to a great extent, the customers’ behav-
ior in the commodity markets. Therefore, the liquidity of the 
CRR markets is important for competitive commodity mar-
kets. In the design of the framework, we take full considera-
tion of this issue. We represent the CRR as a special financial 
derivative and derive the payoff parity principle and construct 
a practical pricing scheme. The application of the principle 
and the pricing scheme provides enhanced liquidity of CRR by 
establishing a workable basis for CRR secondary markets and 
a reconfiguration scheme. We also show the application of the 
framework to the IGO revenue adequacy, an important issue 
for the design of liquid CRR markets.  

This paper contains seven additional sections. We devote 
section II to introduce the three-layer structure of the proposed 
framework. In sections III, IV and V, we present the mathe-
matical description of each layer. The information flows in the 
framework are discussed in section VI. Applications of the 
framework to the analysis and design of the framework are 
illustrated in section VII. Section VIII provides a summary 
and suggestions for future work. 

II.  STRUCTURE OF THE FRAMEWORK 
A key requirement of the framework is to have the capabil-

ity to deal with the complexity of issues comprehensively so 
as to address appropriately any issue concerning the transmis-
sion market design for competitive electricity markets. To 
meet this requirement, we design an interconnected three-
layer framework structure consisting of the physical network, 
the commodity market and the financial market layers. 

The physical network layer represents the transmission sys-
tem. The relationship between the line power flows and the 
nodal injections are established and various network con-
straints are modeled. The characterization of congestion con-
ditions is then given to complete the description of this layer.  

The commodity market layer contains the model of the in-
tegrated day-ahead market. Bids/offers of the pool customers 
and transmission requests from the bilateral customers are 
represented and the IGO decision-making process is simulated 
by solving the so-called transmission scheduling problem 
(TSP). All the market outcomes including the energy sales, 
transmission schedules and LMPs are determined in the TSP. 
Congestion is managed by incorporating the network con-
straints in the TSP. The impacts of the congestion are also 
represented.  

The models of the CRR and the CRR markets constitute the 
financial market layer. A novel feature of the model is the 
notion of the CRR payoff parity and a practical pricing scheme 
derived based on finance theory. This layer also contains a 
component for the issuance of CRR. This component need not 
be used once the CRR are issued.  

The interactions between the three layers are through the in-
formation flows. These information flows are discussed in 
detail in section VI. 

For the sake of simplicity, we define one hour as the small-
est indecomposable unit of time and present the framework in 
terms of one specified hour. All the markets discussed in this 
paper are for the specified hour unless explicitly mentioned 
otherwise. We suppress the time notation in the paper. Ap-
pendix A provides a summary of the acronyms and the nota-
tion used in the paper. Appendix B reviews briefly the distri-
bution factors used in the analysis. Appendix C provides the 
mathematical proofs for the analysis. 

III.  THE PHYSICAL NETWORK LAYER 
We consider a transmission network with N+1 buses and L 

lines. We denote by { , , , , }0 1 2 N� "N  the set of buses, with 

the bus 0 being the slack bus, and by 1 2{ , , , }L� A A " AL  the 
set of transmission lines and transformers that connect the 
buses in the set N . We associate with each element ∈A L  the 
ordered pair ( , )i j  and we write ( , )i j=A . We adopt the con-
vention that the direction of the flow on line A  is from node i 
to node j so that 0f ≥A , where fA  is the active power flow on 

line A . We define 1 2[ , , , ]T
Lf f f� "f . The series admittance 

of line A  is g jb−A A . The net active power injection at node 

n ∈ N  is denoted by np  and we define 1 2[ , , , ]T
Np p p� "p .  

We denote by { }1 2, , , Ldiag b b b� "dB  the L L×  diagonal 

branch susceptance matrix and by [ ]1 2, , , T
L� "A a a a  the 

augmented branch-to-node incidence matrix with 
1[0 0 1 0 0 -1 0 0]

ji
T N∈ +

A � " " " \a .  
Note that Aa  includes an entry corresponding to the slack bus 

0. Obviously, the algebraic sum of the columns of A  van-
ishes:  

1N +A1 = 0 ,                       (1) 

where, [ ]1 11,1, ,1 TN N∈+ +" \1 = . The augmented nodal sus-
ceptance matrix is 

dB A B AT�                           (2) 

and B  is singular since 
1 1

dB1 = A B A1 = 0N T N+ + .                  (3) 

Next, we obtain the reduced incidence matrix A  from A  
by removing the row/column corresponding to the slack node  

[ ]1 2, , , T L N
L ∈ ×� " \A a a a .                   (4) 

Each , 1, 2,...,N L∈ =A \ Aa  and A  is full rank [15].  Analo-
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gously, we partition 

00b 
 
  

T
0

0

b
B =

b B
.                     (5) 

The reduced nodal susceptance matrix  
  dB A B AT�                    (6) 

is nonsingular because dB  is nonsingular, as there is no line 
with 0 susceptance, and A  is full rank. 

Key characteristics of the transmission system may be de-
scribed by the power flow equations and various constraints. 
Considering the irrelevancy of the reactive power flows to the 
CRR issues and the common use of the DC power flow model 
in the literature, we assume the power system to be lossless 
and the DC power flow conditions [15] to hold so that 

θ=p B ,                        (7) 

where 1 2[ , , , ]T
Nθ θ θ� "θ is the vector of voltage angles at 

the network nodes. The scarcity of the transmission capability 
is represented by various limits under both the base case and 
contingency cases. For simplicity, in this paper, we only rep-
resent the active power line flow limits under the base case: 

dB A f maxθ ≤ .                     (8) 

We call the line A  congested whenever the corresponding 
inequality constraint becomes binding so that 

maxb fθ =A A A
Ta .                  (9) 

We call the transmission system congested if there is (are) one 
or more congested line(s) in the network. The management of 
the physical congestion in a way so as to accommodate as 
many of the bilateral transactions and pool customers’ needs is 
a key concern in the competitive environment.  

IV.  THE COMMODITY MARKET LAYER 
In the day-ahead market, the pool customers submit their 

energy sale offers/purchase bids to the IGO. Without loss of 
generality, we assume one seller and one buyer at each 
node n ∈ N  and denote by ( )s s

n npβ / ( )b b
n npβ , 0,1, ,n N= "  

the seller’s offer/buyer’s bid price as a function of the active 
power supply/consumption 2. We assume ( )s s

n npβ / ( )b b
n npβ  to 

be a continuous, differentiable and convex/concave function. 
We define [ , , , ]s s s s T

1 2 Np p p� "p  and [ , , , ]b b b b T
1 2 Np p p� "p . 

For the bilateral customers, we assume all transactions to be 
basic and represent them by the set 1 2{ , , , }Wω ω ω� "W  3, 
with each element denoted by the ordered triplet 

{ }, ,w w w wm n tω �  representing a basic transaction with re-

ceipt point (from node) wm , delivery point (to node) wn  in the 
amount wt  MW. For each transaction, the customer requests 
the corresponding transmission services from the IGO.  

                                                           
2 Multiple sellers/buyers at a node may be represented by a single compos-

ite seller/composite buyer with its corresponding offer/bid function con-
structed by combining the offers/bids of the constituent sellers/buyers. 

3 In actual practice, a complex transaction is a linear combination of basic 
transactions. 

The IGO collects all the pool bids, offers and the 
transmission requests of the bilateral customers and schedules 
the transmission services so as to maximize the total social 
welfare. The extent to which the transmission service requests 
of the bilateral customers are met depends on the customers’ 
willingness to pay the charges for congestion. We assume all 
bilateral customers are willing to pay the charges – no matter 
how high – so that all their transactions are scheduled. The 
impact of these transactions is to introduce the active power 
injection t

np  at each node n where  

1, 1,w w

W W
t w w
n

w m n w n n

p t t
= = = =

= −∑ ∑ ,   0,1, 2,...,n N= .      (10) 

We denote [ , , , ]t t t t T
1 2 Np p p� "p . The IGO’s process to de-

termine the successful bids/offers of the pool customers may 
be represented by the transmission scheduling problem (TSP) 
that maximizes the social welfare subject to the network con-
straints: 

( ) ( ) ( )

. .

d

, , p , p

b

p p p B

B A f

µ

λ

N
s b s b b b s s
0 0 n n n n

n 0

s b t T
0 0 0 0 0

s b t

max

max s p p p p

s t p p pTSP

β β

θ µ

θ

θ

=


= −


 − + = ↔
 − + = ↔

 ≤ ↔

∑

   (11) 

Note that the inequality constraints may also be written as: 

( )
1 1

, 1, 2,...,
w

N W
s b n max w
0 0

n= w=

p p f t Lωψ ϕ− ≤ − =∑ ∑A A A A ,  (12) 

where nψ A  and ωϕA  are the injection shift factor (ISF) and the 
power transfer distribution factor (PTDF). Definitions of these 
factors are reviewed briefly in Appendix B. Clearly, since we 
assume no limits for the bilateral customers’ willingness to 
pay for congestion, the transmission schedules for the bilateral 
customers, in effect, constrain the available transfer capability 
for the pool customers. In actual markets, bilateral customers 
may specify upper limits on their payments for congestion. In 
such cases, their transmission schedules become decision vari-
ables in the TSP model.  

The day-ahead market is settled based on the optimal solu-
tions of the TSP, which we assume to exist. The optimal val-
ues of the decision variables, ( ,b* s*

n np p ), determine the quanti-
ties for the energy purchases/sales from/to the pool customers. 
Prices are determined based on the optimal values of the dual 
variables. *

nµ  is the LMP at the node n of the network. A 

seller (buyer) at each node n is paid (pays) the LMP *
nµ  by 

(to) the IGO for each MWh sold (bought) in the pool. The net 

income of the IGO from the pool, ( )
N

* b* s*
n n n

n 0
p pµ

=

−∑ , is called 

the merchandising surplus [9] and is nonnegative. *λA  meas-
ures the marginal change in social welfare with respect to 
change in the limiting capacity maxfA  of line A . Note that 

* 0λ ≥A  for ∀ ∈A L  and * 0λ >A  implies that line A  is con-
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gested. Consequently, *λA  is considered to be the congestion 

charges for each MW flow in line A . We denote by ⊂�L L  the 
set of congested lines, then the total amount of congestion 
charges assessed from each transaction { }, ,w w w wm n tω =  is 

* ww wtω

∈

ξ λ ϕ= ∑ A A
�A L

.                (13) 

The optimality conditions for (11) leads to the relationship 
* * * w

w wn m
ω

∈

µ µ λ ϕ− = ∑ A A
�A L

.              (14) 

The proof of this result is given in the Appendix C. It follows 
that the total congestion charges assessed from wω  is 

 * *( )w w
w w

n m
tξ µ µ= − .                 (15) 

In words, wξ  is the product of its quantity and the LMP dif-
ferences between its delivery node and its receipt node. Note 
that a congestion free system corresponds to empty �L  so that 

* *
n m 0µ µ− = ,  ,m n∈∀ N .          (16) 

Absent congestion, all LMPs are equal and the congestion 
charges are 0. On the other hand, differences in the LMPs sig-
nal the presence of congestion in the system.  

The rationale for this congestion charges comes from the 
evaluation of the congestion impacts on the social welfare. 
When congestion occurs, higher priced generation may be 
dispatched to meet the load and consequently, the social wel-
fare decreases. This reduction may be considered as the costs 
imposed due to the limits in the transmission network. There-
fore, we define the system congestion costs c to be the de-
crease in the social welfare due to the presence of the trans-
mission constraints. Let *s ( *s� ) be the optimal value of the 
social welfare in the TSP with (without) the active power line 
flow limits, then 

* *c s s−�� .                (17) 

Now, *s�  is independent of the transaction amounts wt  but *s  
is not so that  

*
*w

w w
* *

w w n m

dc ds
dt dt

ω

∈

ϕ λ µ µ= − = = −∑ A A
A L

 .     (18) 

In other words, the marginal impact of the transaction wω  on 
the system congestion costs equals the LMP differences. This, 
then, is the economic rationale for the congestion charges. 

The comparability principle requires both the pool custom-
ers and the bilateral customers to pay congestion charges since 
the injections/withdrawals of the two classes of customers 
impact the total congestion costs. In fact, the congestion 
charges for the pool customers are implicitly included in the 
LMPs [6]. Note that, absent the line flow limit constraints, 
LMPs at all the N+1 nodes are equal in a lossless system. We 
denote by *µ�  this uniform system-wide market-clearing price 
and consider it to be the marginal price of energy of the 
transmission-unconstrained system. In reality, however, pres-
ence of the transmission capability limits results in the nodal 
LMPs *

nµ  that may be different from *µ� . The difference 
* *
nµ µ− �  may be considered to be the implicit congestion 

charges assessed for each MWh withdrawal at node n. This 
difference represents the change in the total congestion costs 
c  to serve an additional unit of load at node n. Since  

( )* * * *
n nµ µ µ µ= + −� � , 

the pool customers incur the congestion charges implicitly by 
paying/getting paid the LMP at the particular node. The total 
amount of such implicit congestion charges paid by the pool 
customers may be expressed as  

( )( ) ( )
0 0

N N
pool * * b* s* * b* s*

n n n n n n
n n

p p p pξ µ µ µ
= =

= − − = −∑ ∑�   (19) 

where  

( ) ( )
0 0

0
N N

* b* s* * b* s*
n n n n

n n

p p p pµ µ
= =

− = − =∑ ∑� �          (20) 

since the supply-demand balance in a lossless system holds. 
Note that the right hand side of (19) equals the merchandising 
surplus [9] of the pool. The IGO collects the congestion 
charges from pool customers implicitly by collecting the mer-
chandising surplus. 

The congestion charges are functions of the LMPs which 
are determined in the day-ahead commodity market. Bilateral 
contracts, on the other hand, are typically signed a month or 
even a year before. At that time, the LMPs are unknown and 
we represent the LMP at node n by the random variable *

nµ
�

. 

Consequently, the congestion charges the transactions may be 
assessed are uncertain. Naturally, risk-averse customers would 
like to have risk management tools that could provide price 
certainty on the congestion charges. CRR are designed for this 
purpose. In the next section, we describe the model of the 
CRR and the financial markets in which they are traded.  

V.  THE FINANCIAL MARKET LAYER 
CRR are financial instruments issued by the IGO that entitle 

the holder to be reimbursed for the congestion charges col-
lected by the IGO in the day-ahead market. In this section, we 
establish the model for the CRR and the financial markets in 
which the CRR are issued and traded. We focus on the point-
to-point CRR, but the analysis may also be applied to other 
types of CRR. 

A.  CRR overview 
The CRR are defined for a point of receipt (from node) m, a 

point of delivery (to node) n, a specified amount of transmis-
sion service γ  in MW and a per MW premium ρ . We use the 
quadruplet  

{ }, , ,m nΓ γ ρ�  
to denote the CRR. The CRR are issued by the IGO – the is-
suer – to the transmission customers – the holders. A holder of 
Γ  is entitled to receive from the IGO a payment of  

* *( )n mχ µ µ γ−�                (21) 

where *
nµ  and *

mµ  are the LMPs determined in the day-ahead 
market. We refer to this payment as the CRR payoff. The pay-
off may be positive, negative or zero and is independent of the 
usage, i.e., this payment occurs whether or not the holder re-
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quests any transmission services in the day-ahead market. As 
such, the CRR entails an obligation on both the holder and the 
issuer.  

CRR may provide a full hedge against the congestion 
charges associated with the use of the transmission service. 
We consider a transaction { }, ,w w w wm n tω = . A party in-

volved in this transaction must pay the congestion charges of 
* *( )w w

w w
n m

tξ µ µ= −               (22) 
which are unknown prior to the clearing of the day-ahead 
market. If the party holds a CRR { }, , ,m nΓ γ ρ=  with 

wm m= , wn n=  and wtγ = , then the CRR payoff, 
* *( )n mχ µ µ γ= − , reimburses all the congestion charges inde-

pendent of the day-ahead market outcomes. In this case, the 
CRR perfectly hedges the congestion charges. 

Clearly, the CRR payoff is a function of random variables 
whose values are unknown until the day-ahead market clears. 
The CRR is therefore a financial derivative [5]. Indeed, the 
CRR embody the salient attributes of forward contracts – the 
financial derivatives that require the holder to buy and the 
issuer to sell the underlying asset at the specified time for the 
specified price [5]. For CRR, the particular attributes are 

• the maturity time is specified as the time when the CRR 
are exercised; 

• the payoff is the linear function of the value of the 
underlying asset, the variable ( )* *

n mµ µ γ− ; 

• the strike price is 0. 
We apply finance theory notions to derive the payoff parity 

principle for the CRR. Two sets of CRR are said to have pay-
off parity if they yield the same payoffs independent of the 
outcomes of the day-ahead market. We use the symbol “ ⇔ ” 
to denote the payoff parity. By definition, 

{ }, , ,1 2 KΩ Γ Γ Γ ′′ ′ ′ ′= "  ⇔  { }, , ,1 2 KΩ Γ Γ Γ ′′′′ ′′ ′′ ′′= "  if and 

only if 
K K

k k
k 1 k 1

χ χ
′ ′′

= =

′ ′′≡∑ ∑ . Two payoff parity conditions follow 

directly from the definition: 
(i) quantity cumulation condition: for two sets of CRR Ω ′  

and Ω ′′  with all the CRR having a common from node 
and a common to node, i.e., k km m m′ ′′= =  and 

k kn n n′ ′′= = ,  { }, , , ,k 1 2 max K K′ ′′= " , if  
K K

k k
k 1 k 1

γ γ
′ ′′

= =

′ ′′=∑ ∑ , then Ω Ω′ ′′⇔ ;  

(ii) cycling condition: { }{ }, , ,m nΓ γ ρ= ⇔  

{ }, , ,1 2 KΓ Γ Γ ′′ ′ ′"  if 1m m′ = , Kn n′′ = , k 1 km n+′ ′= , 

, , ,k 1 2 K 1′= −"  and kγ γ′ =  for all k. 
The payoff parity principle is useful in designing liquid CRR 
markets as illustrated in the following sections. 

B.  CRR issuance 
CRR are issued in a centralized auction. In the auction, cus-

tomers submit bids that indicate the from node, to node and 

desired quantity of the requested FTR and the maximum pre-
mium they are willing to pay for it. The IGO determines the 
successful bids by maximizing its total income subject to the 
simultaneous feasibility test (SFT). The SFT considers CRR 

{ }, , ,k k k k km nΓ γ ρ=  to correspond to a fictitious basic trans-

action { }, ,k k k km nω γ��  and check whether the transmission 
system can support all such fictitious transactions under the 
base case and all the contingency conditions. For simplicity, 
we consider the active power line flow limits under the base 
case only. We denote by { }, , ,1 2 KΩ Γ Γ Γ= "  the set of 
CRR that are issued by the IGO, then, the SFT is formulated as  

1

k

K
max

k
k

fωγ ϕ ∈
=

≤ ∀∑ �
A A A L .          (23) 

We can extend the formulation in (23) to include the impacts 
of contingencies. For each contingency case, we add a number 
of constraints corresponding to the binding line limits. For 
each contingency, the PTDFs of the changed network are 
used. The SFT specification ensures the IGO issues no more 
CRR than what the transmission system can accommodate 
under the base and the considered contingency conditions.  

C.  CRR valuation / pricing  
Once the CRR are issued by the IGO, they can be subse-

quently traded in secondary markets. Liquid trading requires a 
practical scheme to value and price the CRR. We design such 
a scheme by incorporating finance theory.  

CRR are an example of financial derivatives since they are 
forward contracts. In the CRR analysis, we assume all the cus-
tomers to be risk neutral and neglect the time value of the 
money due to the short time horizon. Then, the value of the 
CRR financial derivative is simply the expected value of its 
payoff [5]. The payoff for the CRR { }, , ,m nΓ γ ρ=  is 

( )* *
n mµ µ γ−
� �

. Therefore, the value of the CRR is 

( ){ } { } { }( )* * * *
n m n mE E Eµ µ γ µ µ γ− = −
� � � �

.      (24) 

We can estimate the expected values of the LMPs, { }*
nE µ
�

, 

using historical data. If the CRR markets are perfectly com-
petitive, the CRR prices equal the value of the CRR [5]. In 
reality, however, the CRR markets are not perfectly competi-
tive and the CRR prices may be different from their values. In 
this case, we adopt the following assumptions: 

• the market is free of arbitrage [5], i.e., the opportunity 
that a market player can construct a portfolio so that the 
portfolio profit π

�
 satisfies the probability conditions: 

{ }P 0 0π > >
�

   and  { }P 0 0π < =
�

 

• where, { }P i  indicates the probability of the event { }i ; 
the absence of arbitrage ensures that there is no oppor-
tunity for market players to make money without taking 
any risks; 

• the futures markets for energy exist so that the futures 
energy prices are available at every node n∈ N ; 
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Then, the price ρ  for each MW of the CRR { }, , ,m nΓ γ ρ=  

equals the difference in the futures energy prices nν  and mν  
at node n and node m, respectively: 

n mρ ν ν= − .                 (25) 
The proof of (25) is provided in the Appendix C.  

Several conclusions follow directly from (25). The price ρ  
may be positive, zero or negative. Also, for two CRR, 

{ }, , ,m nΓ γ ρ=  and { }, , ,m nΓ γ ρ′ ′ ′ ′ ′= , if m m′=  and 

n n′= , then, ρ ρ′= . Therefore, all the CRR with the same 
receipt node and same delivery node must have the same 
price. For the set of CRR { }, , ,1 2 KΓ Γ Γ ′′ ′ ′"  with a continuous 

path of nodes forming a loop, i.e., k 1 km n+′ ′= , 

, , ,k 1 2 K 1′= −"  and K 1n m′ ′= , then 
K

k
k 1

0ρ
′

=

′ =∑ .  

This pricing scheme and the CRR payoff parity principle 
can be used to design liquid CRR secondary markets as illus-
trated in section VII.  

VI.  THE INFORMATION FLOWS 
In sections III, IV and V, we have introduced the three lay-

ers that constitute the framework. In this section, we describe 
the interaction/interconnection between these layers through 
the various information flows depicted in Fig. 1. 

 

physical network layer 

 commodity market layer 

,θ �L ,W p

SFT ,µ λ

Ω̂

Ω

    financial market layer 

 
Figure 1: The three-layer framework structure 

We start from the financial market layer. The inputs of the 
CRR markets are the CRR requests from the customers. The 
decision making process of the IGO requires the involvement 
of the SFT, which is a result of the repetitive information ex-
change between the financial market layer and the network 
layer. Tentative CRR set Ω̂  is sent to the network layer to 
check its feasibility. The result is fed back to the financial 
layer. If infeasible, the issuance quantities are modified and 
the new CRR set is sent to be checked. Such iteration contin-
ues till the feasible solution Ω  is found.  

As we have pointed out, the outcomes of the financial mar-
kets may impact the customers’ behavior in the commodity 
market. We denote by Ω  the set of CRR held by the custom-
ers after CRR issuance and secondary markets. Ω  is sent to 
the commodity market layer and impacts the bids/offers and 
the bilateral transactions – the inputs of the TSP.  

Due to the involvement of the physical constraints, the solu-

tion scheme of the TSP may also be considered as an interac-
tive process between the commodity market layer and the 
network layer. Transmission schedules including bilateral 
transactions W  and nodal injection and withdrawals repre-
sented by s bp , p  are sent to the network layer to check the 

feasibility. The resulting system status θ  and the congested 

lines �L  is fed back to determine the LMPs. The LMPs are 
then sent to the financial market layer to compute the CRR 
payoffs. 

The information flows serve to interconnect the three layers 
into the integrated framework proposed in this paper.  

VII.  APPLICATIONS OF THE FRAMEWORK  
Since the basic model of the CRR and the financial markets 

are included in the proposed framework, many critical issues 
related to the deployment of CRR may directly be investigated 
using the framework. For example, the framework may be 
applied to analyze the market power associated with CRR. 
Reference [9] has performed such investigations on simple 
two and three node systems. Our framework makes possible 
the analysis on more realistic sized systems. 

The structural modularity of the framework provides flexi-
bility for its applications to the design of the CRR. The models 
in each layer are general so that different market designs may 
be accommodated. Also, since the interaction between the 
layers is exogenous to each layer and represented by the in-
formation flows, we may modify any layer without impacting 
the models in the other two layers. This flexibility provides 
great convenience for the design of various types of the CRR. 
For example, if the flow-based CRR are concerned, we may 
modify the financial market layer by applying the analogous 
analysis while no modification is required to the network and 
commodity market layers. In fact, many results in the financial 
market layer, such as the payoff parity principle, are still valid. 

In this section, we present two examples to illustrate the 
applications of the framework to the analysis and design of the 
CRR, respectively. We end the section with a discussion of the 
application of the framework in actual practice for a pre-
scribed period of time. 

A.  Revenue adequacy for the IGO 
Revenue adequacy is a critical issue in the deployment of 

CRR. Using the framework, we can prove that the proposed 
market model allows the IGO to ensure its revenue adequacy.  

The IGO collects congestion charges from both the pool 
and bilateral customers. The total revenue is: 

( ) * *

0 1

( )w w

N W
total * b* s* w

n n n n m
n w

p p tξ µ µ µ
= =

= − + −∑ ∑ .       (26) 

This revenue is then the source used to make the CRR payoffs 
to the holders. Let { }, , ,1 2 KΩ Γ Γ Γ= "  be the set of CRR 
held by the customers after CRR issuance and secondary mar-
kets, then, the total payoff is 

* *

1

( )
k k

K
total

n m k
k

χ µ µ γ
=

= −∑ .              (27) 
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We claim the IGO revenue adequacy is guaranteed, i.e., 
total totalχ ξ≤ .                   (28) 

The equality holds if  

1

k

K
w max

k
k

fγ ϕ
=

=∑ �
A A  ,  ∈∀ �A L .            (29) 

In other words, if all the constraints in the SFT corresponding 
to the lines that are congested in the day-ahead market are 
binding, the IGO’s incomes equal its payments. Otherwise, the 
IGO’s net income is always positive.  

We prove this proposition using the models in the frame-
work. Although this issue belongs to the financial market, the 
proof requires equation (14), which is derived based on the 
TSP model in the commodity market layer and the physical 
constraints from the network layer. The total CRR payoffs 
may then be rewritten as 

* *

1 1

k k

K K
w wtotal

k k
k k∈ ∈

χ γ ϕ λ λ γ ϕ
= =

= =∑ ∑ ∑ ∑� �
A A A A

� �A AL L

.       (30) 

Also, the relationship in (C3) leads to  

( ) ( )

( )

( )

N N
* b* s* * n * b* s*
n n n 0 n n

n 0 n 0

N
n * b* s*

n n
n 0

N
* n s* b*

n n
n 0

p p p p

p p

p p

∈

∈

∈

µ µ ψ λ

ψ λ

λ ψ

= =

=

=

 − = − − 
 

= − −

= −

∑ ∑ ∑

∑ ∑

∑ ∑

A A
�A

A A
�A

A A
�A

L

L

L

   (31) 

and 
* *

1 1 1

( )
w w

w w

W W W
w w * * w

n m
w w w

t t tω ω

∈ ∈

µ µ λ ϕ λ ϕ
= = =

− = =∑ ∑ ∑ ∑ ∑A A A A
� �A AL L

   (32) 

therefore, 

( )
1

w
N W

total * n s* b* w * max
n n

n 0 w
p p t fω

∈ ∈

ξ λ ψ ϕ λ
= =

 = − + = 
 

∑ ∑ ∑ ∑A A A A A
� �A AL L

  (33) 

since the term in the bracket equals the active power flow in 
line A  [16]. Note that the financial market layer is designed so 
that the CRR satisfy the SFT conditions  

1

k

K
w max

k
k

fγ ϕ ∈
=

≤ ∀∑ �
A A A L .             (34) 

We conclude, by comparing (33) with (30), that 
 total totalχ ξ≤ . 
In practice, however, the PTDFs used in the SFT may be 

different from the PTDFs used in the day-ahead market due to 
changes in the network [16]. In such cases, equation (30) does 
not hold and the IGO’s revenue adequacy is not guaranteed. 

B.  Design of CRR secondary markets and reconfiguration 
scheme 

The centralized CRR issuance requires the involvement of 
the IGO to run the SFT and consequently limits the liquidity 
of the market. Successful use of the CRR requires secondary 
markets in which the CRR issued by the IGO can be subse-
quently traded. The secondary market models proposed in the 
literature only allows the trade of existing CRR to avoid the 
involvement of the IGO [4]. Such design, however, dimin-
ishes the merit of the secondary markets. We propose a sec-

ondary market model based on the payoff parity principle 
given in the framework. The holder of an existing CRR 

{ }, , ,m nΓ γ ρ=  may sell a set of CRR 

{ }, , ,1 2 KΩ Γ Γ Γ ′′ ′ ′ ′= "  as long as { }Γ Ω ′⇔ . We can prove 
that the parity CRR set must still satisfy the SFT conditions 
and, therefore, no IGO involvement is necessary. Such design 
improves the flexibility for the CRR trades, while avoiding the 
involvement of the IGO in the secondary markets. 

Another scheme to increase the CRR liquidity is the CRR 
reconfiguration. The holder of the existing CRR 

{ }, , ,m nΓ γ ρ=  may return them to the IGO in exchange for 

the CRR { }, , ,m nΓ γ ρ′ ′ ′ ′ ′=  whose from and to nodes are 
different from Γ . The pricing scheme presented in the finan-
cial market layer provides the means for implementing such 
exchanges. We design a reconfiguration scheme, making use 
of the free of arbitrage assumption in the financial market 
layer. The new quantity γ ′  of the reconfigured CRR is deter-
mined so that the prices of the new and replaced CRR are 
identical. Since the reconfigured CRR must also satisfy the 
SFT, information flows from the network layer is required. 
The SFT yields two possible situations: 

• as long as the SFT conditions are not violated, we set 
γ ′  such that  

γ ρ γ ρ′ ′ = ,               (35) 
so that 

n m

n m

ν ν
γ γ

ν ν′ ′

 −′ =  − 
.             (36) 

• if, on the other hand, the SFT conditions are violated, 
we set γ ′  to be the maximum MW amount p′  without 
violating the SFT conditions and exchange only that 
fraction of the existing CRR to result in p′ . 

Since this scheme ensures that the existing and reconfigured 
CRR have identical prices, it ensures that no arbitrage oppor-
tunity may arise.   

C.  General application of the framework 
The discussion so far has focused on the framework for a 

specified hour, but its application for markets of a specified 
longer duration is straightforward. For example, we may use 
this framework to price the CRR that are issued for a longer 
period of time, say [ ], 2T1Τ . Such CRR may be considered as a 

family of CRR, [ ]{ }: ,t 1 2t T TΓ ∈ , with one CRR 

{ }, , ,t t t t tm nΓ γ ρ=  for each hour t. We determine the price 

tρ  for each tΓ  using (25), then, the price of the CRR for pe-

riod [ ], 2T T1  is 
2

1

T

t
t T

ρ
=
∑ . In similar ways, other issues of interest 

over longer periods can be studied. 

VIII.  CONCLUSION 
In this paper, we have presented a mathematical framework 
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for the design and analysis of the CRR. The framework con-
sists of three interconnected layers with one layer each to rep-
resent the models of the transmission network, the commodity 
markets and the financial markets. The framework effectively 
exploits the structural characteristics of the interrelationships 
between the physical network, the commodity markets and the 
financial markets for CRR. Novel notions, such as the CRR 
payoff parity principle and pricing schemes are introduced and 
applied to enhance the liquidity of the CRR markets. 

The framework represents a good start for the study of CRR 
and their application. There are, however, a number of exten-
sions possible. The development of more detailed dynamic 
stochastic models that explicitly incorporate the impacts of 
various random factors to the outcomes of the day-ahead mar-
ket, such as LMPs, is a natural extension. Since the contingen-
cies in the transmission system may impact the behaviors of 
the transmission customers, incorporation of the contingency 
analysis results is another extension of the work reported here. 
A major long-term challenge is the inclusion of losses and 
nonlinear effects in transmission considerations. The iterative 
interaction between the layers via the information flows is 
another topic for future work with a focus on the investigation 
of the convergence properties of the iterations. Progress on the 
work on these topics will be reported in future papers. 

IX.  APPENDIX A: ACRONYMS AND NOTATION 
LMP : locational marginal price       
CRR : congestion revenue rights 
IGO : independent grid operator 
TSP : transmission scheduling problem 
ISF : injection shift factor 
PTDF : power transfer distribution factor 
SFT : simultaneous feasibility test 

1 2[ , , , ]T
Lf f f� "f   : vector of active power line flow 

1 2[ , , , ]T
Np p p� "p  : vector of active power nodal injections 

dB  : the branch susceptance matrix 

[ ]1 2, , , T
L� "A a a a  : the reduced incidence matrix 

B  : the reduced nodal susceptance matrix 
( )s s

n npβ / ( )b b
n npβ  : the seller’s offer/buyer’s bid price 

{ }, ,w w w wm n tω �  : the basic transaction w 
*
nµ
�

 : LMP at node n with value *
nµ  

*λA  : per MW congestion charges for line A  

{ }, , ,m nΓ γ ρ�         : CRR in the amount γ  MW with injec-
tion (withdrawal) at node m (n) and 
the per MW premium ρ  

χ
�

 : CRR payoff with value χ  

nν  : the futures energy price at node n 
nψ =  AΨ  : ISF matrix 

ωϕA  : PTDF of line A  with respect to basic 
transaction ω   

X.  APPENDIX B: THE ISF AND THE PTDF 
We review briefly the definition of the injection shift factor 

(ISF) and power transfer distribution factor (PTDF). The deri-
vation, nature and applications of these factors are treated in 
detail in [16]. 

The ISF nψ A  of a line ∈A L  with respect to a change in in-
jection at node 0n n∈ ≠N,  is the approximate sensitivity of 
the active power flow fA  on line A  with respect to the MW 
injection np  at node n. The ISF matrix Ψ  is the L N×  matrix 

with each nψ A  in row A , column n of Ψ . Under the DC power 
flow model 

1f p B ABΨ d
−∂ ∂ =� .            (B1) 

The proof is given in [16]. 
The PTDF 

wωϕA  is the sensitivity of the active power flow 

fA  on line A  with respect to the MW amount wt  of the basic 

transaction { }, ,w w w wm n tω = . The relationship 
w w ww m nf tωϕ ψ ψ∂ ∂ = −A A A A�            (B2) 

is established in [16]. 

XI.  APPENDIX C: PROOFS 

(i)  Proof of (14) 
We write the Lagrangian of the TSP formulation as 

( , , , , , , ) ( , , , ) ( )

( ) ( )

s b s b s b s b
0 0 0 0 0

T max
0 0 0 d

p p s p p

p

µ

µ

= − −

− − − −

p p p p B p

b B A f

Τ

Τ

θ , µ λ µ θ

θ λ θ

L

where s b t− +�p p p p , s b t
0 0 0 0p p p p− +� . At the opti-

mum,  

*

* * *
0 0

θ

µ
θ

∂
= − − − =

∂
T

dB b A BΤ µ λ 0L .       (C1) 

(C1) and (3) yield 

( ) ( )1 1 T NB b B A B 1Τ Τ Τµ λ Ψ λ* * * * *
0 0 d 0µ µ

− −
= − − = −  (C2) 

Therefore, 
1, 2,...,* * n *

n 0 n N
∈

µ µ ψ λ= − =∑ A A
A L

      (C3) 

so that  
* * * *( )

w w w

w w
m n

n m
ω

∈ ∈

µ µ ψ ψ λ ϕ λ− = − =∑ ∑A A A A A
�A AL L

.      

(ii)  Proof of (25) 
We prove (25) by contradiction. If n mρ ν ν< − , a customer 
may create a portfolio by  

•  buying the CRR { }, , ,m nΓ γ ρ=  for the costs ρ γ  

•  selling γ  futures contract for energy at node n at price nν  
•  buying γ futures contract for energy at node m at price 

mν  
The costs to construct this portfolio are: 

 ( )m n 0ρ ν ν γ+ − < . 
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In the day-ahead market, the customer exercises the futures 
contracts for the energy and obtains the transmission service 
from the IGO. The payoff of the CRR cancels out the conges-
tion charges. Therefore, no net payment occurs in the day-
ahead market. Consequently, the customer ends up with a 
positive net profit ( )n mν ν ρ γ− −  with 100% probability. 
This is an arbitrage opportunity which violates the arbitrage 
free assumption. Therefore, n mρ ν ν< −  cannot be true. Simi-
larly, we may prove the existence of the arbitrage opportunity 
when n mρ ν ν> − , which also leads to a contradiction. 
Hence, the only choice for ensuring the arbitrage free condi-
tion is to have 
  n mρ ν ν= − .    
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