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Abstract: With deregulation of power systems, it is of great 
importance to know who contributes to avoid a voltage collapse, 
which could be due to different parts of the power system—
generator, control system and transmission part, etc. This paper 
focused on how to allocate the responsibility and contribution by 
bifurcation analysis. We investigate how parameters of the 
system influence the bifurcation points. Three bifurcations (the 
singularity induced bifurcation, saddle-node and Hopf 
bifurcation [1], and their relationship to several commonly used 
controllers are analyzed.  Their parameters’ impact on the 
bifurcation points is investigated in this paper, from which we 
found a way to allocate the contribution by analyzing the relative 
positions of the bifurcations. We also analyzed the influence of 
other parameters (parameters of transmission and generators) 
on the bifurcation points. A simple two-bus system is used in this 
paper to demonstrate our approach. Our result shows that 
bifurcation analysis is a credible way to allocate the contribution, 
and the analysis will help us design the controller and optimize 
the system to avoid the voltage collapse. 
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I. INTRODUCTION 
 The deregulated power system is based on transactions; 

each part of the unbundled systems (generator, control system 
and transmission part, etc.) has its own contribution to voltage 
stability. It is of great economic and security importance to 
allocate these contributions, so appropriate award can be 
allocated to encourage infrastructure investments. Analyzing 
the influence of the parameters of the system on voltage 
stability will also help us design and optimize the system.  

This paper demonstrates that we can allocate the 
responsibility through bifurcation analysis. A new way is 
developed to allocate the responsibility in part III of this paper, 
and in part IV we also showed that how the parameters of the 
system will interact with the bifurcation points. 
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A simple one generator and one load bus system is used to 
demonstrate our approach. The system has three basic parts of 
the power system—generator, exciting control system and 
transmission, which will be used to demonstrate our 
unbundling of responsibility/contributions. 

 
 

 
 
 
 
 

Fig. 1.  Simple two bus system 
 

In the above system, we assumed that the power factor of 
the load is constant as the load changes. We also assumed that 
the voltage dynamic is decoupled from the angle dynamic, 
which is well behaved, so the angle dynamic can be ignored at 
this scenario. The dynamics of this system can be modeled by 
parameter dependent differential-algebraic equations [1] as:  
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The differential equation (1) represents  the control system, 
the algebraic equation (2) represents the load flow equation. In 
this paper we focused on three commonly used controller—P-
controller, PI-controller and PID controller of a voltage 
regulator, the load flow equation of this system and the 
mathematical model of these three types of controller are 
shown in part II. 

The reduced Jacobian matrix [1] of the system can be 
written as: 

1
x x y y xF f f g g− = −            (3) 

Through the analysis of the eigenvalue of Fx, we 
demonstrate the influence of the control system in part III. We 
focus on three types of controllers for regulators and the 
exciters, and observe that three types  of bifurcation usually 
occurred: Hopf bifurcation, saddle-node and singularity 
induced bifurcation [11,12], correspondingly we denote these 
three types  of bifurcation as A, B and C in this paper. Then we 
show how different controllers and their parameters impact on 
the locations of A, B and C on the PV curve. We found that 
there are three basic patterns as follows. 1) A<B<C; 2) 
A<C<B; 3) A disappear and B<C when different controllers 
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and different control parameters are used. Accordingly, we 
find a way to allocate the contribution and responsibility 
between the controller and transmission by analyzing the 
eigenvalues of Fx.. We demonstrate that our method is easy 
and credible. 

Based on the analysis in section III, we further demonstrate 
how the parameters of the system impact on the bifurcation 
points and the maximum loadability point, Pmax, in section 
IV, where we demonstrate the influence of controller, 
transmission and generator on voltage stability.  

 
II MATHEMATIC MODEL for DIFFERENT CONTROL 

SYSTEM 
 
2.1 algebraic equations of load flow [2]  
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Equation (4) can be simplified as : 
' 2 2 2 2 20 ( ' ) ( ' )E E x P x Q E= − − +            (6) 

Here equation (6) is the g(x,y,p) in equation (2). 
 

2.2 differential equations of controller  
 

In this paper, we just focus on three types  of commonly 
used controller—P-controller, PI-controller and PID-
controller, their mathmatic model are shown as below: 
1) P-controller [3]: 
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Here equation (7)~(8) are the f(x,y,p) in equation (1). 
2) PI-controller [8,10] 
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Here equation (9)~(11) are the f(x,y,p) in equation (1). 
3) PID-controller 

For a PID controller [12],  

1
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We know that KDs is not practical [12], so if TD is small 
enough, we can use equation (13) [6,7] to replace equation (12): 
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then the control system can be expressed as below: 
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Here equation (14)~(17) are the f(x,y,p ) in equation (1). 
 
II. CONTRIBUTION ANALYSIS for DIFFERENT 

EXCITATION CONTROLLERS 
 

Demonstrating Example: 
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(Note : all cases shown in this paper will use the same 
system parameters unless specified otherwise.) 

Firstly we will show that if there is no voltage regulator 
control, the PV curve of the system will be changed 
drastically:  

 
Fig.2 The PV curve with and without controller 

 
When there is no voltage controller, E’ is constant (here we 

it equals to 1.1). The PV curve is obtained by solving equation 
(6). When we use a controller to keep the Eg = Er, the PV 
curve is obtained by solving equation (5). Fig 2 shows that the 
Pmax will increase, which implies that the regulator will 
increase the stability margin. Note that the regulating range of 
a voltage regulator is decided by its exciter size [13,14]. We 
have shown that when the exciter hits the limit, the Pmax 
deteriorates. 



In the following, we will analyze the impacts of different 
controllers of the regulator on the voltage stability of the 
system: 

 
3.1 P-controllers in the regulator 

In this paper we keep EG as constant as P changes (P is the 
load) for the voltage regulation function; thus, the Efd0 in 
equation (8) is  not constant, and will vary with the load P. 

Bifurcation point C is induced by singularity, where det(gy) 
equals to zero at point C. When EG≡Er , gy is decided by the 
load flow equation, so C point is only induced by transmission 
system.  

However, point B will vary with the change of KP; 

maxPB →  with ∞→PK ; and B>C when KP>5.25; AB ≈  

when KP=1.895; when KP<1.895, A will disappear; and 
735.0→B  with 0→PK . Fig. 3 shows how the locations 

of bifurcation A, B and C vary with the change of Kp: 

 
Fig.3   The location of A, B and C  

 
When Kp =2.5,5,10, the locations of the bifucation A, B 

and C and the eigenvalues of reduced matrix are found by 
using equations (3), (6)~(8) as  shown in Fig 4~6: 

 
Fig 4, the locations of the bifurcations when Kp=2.5,5,10 

 
In Fig 5, note that Kp has little influence on one of the 

eigenvalues (denoted by EigT), while at Fig 6. Kp has a 
substantial impact on the other eigenvalue (denoted by EigC).  

When KP  =1.8, Fig 9 shows the location of B and C in PV 
curve. Note that A disappeared. From Figures 4 to 9 we can 
see that the eigenvalue EigT is strongly related to the load 
flow, while the eigenvalue EigC is strongly influenced by the 
controller. 

 
Fig 5, the eigenvalue which is slightly influenced by Kp   

 

 
Fig 6, the eigenvalue that  is strongly influenced by Kp 

 

 
Fig 7, the eigenvalue EigT (KP=1.8) 

 

 
Fig 8, the eigenvalue EigC (KP=1.8) 



 
Fig 9, the location of B and C when Kp=1.8 

 
We also can conclude that there are three basic patterns: 

1) A<B<C. When P∈ (A,B), both the eigenvalue EigT and 
EigC are positive; when P∈  (B,C), only the eigenvalue 
EigT is positive.  
2) A<C<B. When P∈ (A,C), both the eigenvalue EigT and 
EigC are positive; when P∈  (C,B), only the eigenvalue 
EigC is positive.  
3)  A disappear and B<C. Only the eigenvalue EigT is 
positive when P∈ (B,C) 

    
3.2 PI-controller in a regulator(Kp =2.5, TI=5.0/ TI =20) 
 

Using equation (3), (6) and (9)~(11), we can obtain three 
eigenvalues of the system: EigC (EigC is influenced by Kp and 
TI, and is mainly influenced by TI) and EigT, the other 
eigenvalue is always negative, and we also found bifurcation 
point A,B and C. 

 
Fig 10, the eigenvalue Eig T(PI-controller) 

 
From Fig 10~12, we can conclude that PI controller 

behaves  very similar to the P-controller case as ∞→PK . 

When P∈ (0,A), all eigenvalues are negative; when P∈ (A,C), 
both eigenvalue EigC and EigT are positive; when P∈ (C,B), 
only the eigenvalue EigC is positive. Accordingly, it follows 
the basic pattern 2 as described in 3.1. The difference is that A 
point appear earlier in the PV curve, here A=1.401, (in  P-
controller, A=1.4166). Thus, the dynamic stability margin 
decrease when the I-component is introduced. However, PI-
controller will enhance the dynamic response after a small 
disturbance of P from our simulation. 

 
Fig 11, the eigenvalue EigC (PI-controller) 

 

 
Fig 12, the location of A, B and C in PV curve for a PI/PID controller 

 
3.3 PID-controllers in a regulator. (Kp=2.5, TI=5.0, 
KD=1,TD=0.01/ TD =0.005) 
 

Using equation (3),  (6) and (14)~(17), we obtain four 
eigenvalues of the system: EigC and EigT, and other two 
negative eigenvalues . We also find three bifurcation points , 
where A<C<B. When P∈  (A,C), both EigC and EigT are 
positive; when P∈ (C,B), only EigC is positive.  This follows 
a similar pattern 2 as discussed in 3.1. 

From Fig 12, we can see that PID behaves similar to a PI-
controller, except that A point appears later (A=1.4154). This 
implies that although I-component can decrease the dynamic 
stability margin, the D-component can compensate the 
decrease. On the other hand, the dynamic response remains as 
good as a PI controller. 

Through sections 3.1, 3.2, 3.3 we can conclude that the 
three basic ordering patterns of bifurcation points A B C as 
discussed in 3.1 are generally  true for all controllers. Our 
experience indicates that no other ordering of A B C is 
possible. Accordingly, we can draw the conclusion: 

1) A<B<C. When P∈  (A, B), both EigC and EigT are 
positive; when P∈ (B,C), only the EigT is positive. From 
the parameter analysis, we can conclude that the voltage 
collapse is due to both controller and transmission when P∈ 
(A,B). The voltage collapse is only caused by transmission 
part when P∈ (B,C).  In this case, [A, C] is the unstable 
area, and A defines the dynamic stability margin boundary. 
2)  A<C<B. When P ∈ (A,C), both  EigC and EigT are 
positive; when P∈ (C,B), only the EigC is positive. From 
the parameter analysis we can conclude that the voltage 
collapse is due to both controller and transmission when P∈ 



(A,C). The voltage collapse is caused by controller when 
P∈ (C,B). In this case, [A, B] is the unstable area, and A 
defines the dynamic stability margin boundary. 
3)  A disappear and B<C, only the EigT is positive when 
P ∈  (B,C). Thus, the voltage collapse is only due to 
transmission when P∈  (B,C). In this case, [B, C] is the 
unstable area, and B is the dynamic stability margin 
boundary.  
4) In conclusion, the tuning of the control parameters will 
influence A and thus the dynamic stability margin of the 
system. The contribution with and without the 
controller/regulator can be easily assessed. More impacts 
analysis will be substantiated in the following section. 
5) The analysis also explains why a dynamic stability 
margin is smaller than the static analysis as observed by our 
research team in [13]. 

 
IV.  CONTRIBUTIONS OF OTHER SYSTEM 

PARAMETERS ON STABILITY 
 

Following the same argument, we can also unbundle  the 
voltage collapse responsibility of the system by studying how 
the parameters of the three parts of the system (generator, 
controller and transmission part) affect the bifurcation patterns: 

 
4.1 The parameters of the control system: 
 

a) Three types of regulators: 
As discussed in 3.1, impacts of KP  in the P-controller are 

summarized as follows. KP  does not influence C, but have 
impacts on B and A. When ∞→PK , maxPB → ; and when 

0→PK , 735.0→B ; when KP=1.895, A ≈ B; when 

KP<1.895, A disappear;  when KP=5.25, B ≈ C. 
For PI and PID controllers, we did simulation with 

different parameters of the controller and the result 
summarized in table 1: (Note : for PI and PID controller, A 
defines the dynamic stability margin, and the unstable area is 
[A, B].) 

TABLE 1-a 

 
Xd KP T I KD TD A B C 

1 P=0.98 
2 P=1.167 
4 P=1.273 

0 0 

P=1.236 
0.001 P=1.404 

0.1 P=1.4105 

2.5 

1 

P=1.415 

 3 

0.01 

P=1.416 

2 P=1.1625 
3 P=1.2839 

3 

P=0.5 
8 P=0.648 

15 P=0.685 

   
1.2 

0 

100 

0  

P=0.726 

P=3.09 P=2.115 

From table 1-a, we can see that KP  only has influence on A, 
which is different from P-controller. Here B and C remain the 

same. (With a constant power factor, we prove that B always 
appear at Pmax when an I-controller is used in the regulator.) 
A will increase with bigger TI and bigger KD. TD has little 
influence on A, but too large or too small TD will decrease A. 
All para meters of PI and PID controllers have no impacts on B 
and C. 

The steady-state stability margin C is independent of the 
controller as long as the voltage regulator has enough 
excitation capacity to regulate the terminal voltage. 

 
b) The influence of the exciter 

The equation (7) represents  the exciter. Now we investigate 
the influence of the Td0’ on the stability margin: (In this case 
the regulator is P-controller, KP=2.5) 

 
TABLE 1-b 

Td0’ Pmax A B C 
3 3.09 1.248 1.584 2.116 
5 3.09 1.416 1.584 2.116 
7 3.09 1.534 1.584 2.116 
 

From table 1-b we can see that Td0’ will influence the A 
point, but it have no influence on B and C. We verified the 
fact for all three controllers. A will increase with bigger Td0’, 
that means the dynamic stability margin will increase with 
bigger Td0’. However, the size of the exciter will limit the 
range of Efd and thus the voltage regulation range [13].  

 
4.2 The parameters of a generator: 

Now we investigate the influence of the xd on the stability 
margin: 

a) P-controller 
TABLE 2-a 

xd Pmax A B C 
1.2 3.09 1.416 1.584 2.116 
0.3 3.09 2.016 2.719 2.116 

 
b) PI-controller 

TABLE 2-b 

xd Pmax A B C 
1.2 3.09 1.297 3.09 2.116 
0.3 3.09 2.005 3.09 2.116 

 
c) PID-controller 

TABLE 2-c 

xd Pmax A B C 
1.2 3.09 1.415 3.09 2.116 
0.3 3.09 2.0158 3.09 2.116 

 
Through the table 2-a, b and c, we can see that xd  has 

influence on A point; and if we use P-controller, it also 
influence the B point. It implies that the dynamic stability 
margin will increase with smaller xd.  C, which defines the 
steady-state stability margin, it is independent with xd. 

 
4.3 The parameters of the transmission system: 
 



Now we investigate how x influences stability margin : 
a) P-controller 

TABLE 3-a 

x Pmax A B C 
0.1 3.09 1.416 1.584 2.116 
0.12 2.58 1.360 1.509 1.966 

 
b) PI-controller 

TABLE 3-b 

x Pmax A B C 
0.1 3.09 1.297 3.09 2.116 
0.12 2.58 1.2506 2.58 1.966 

 
c) PID-controller 

TABLE 3-c 

x Pmax A B C 
0.1 3.09 1.415 3.09 2.116 
0.12 2.58 1.3589 2.58 1.966 

 
Through the analysis of table 3-a, b and c, we see that x has 

influence on all of the three bifurcation points. Both the 
dynamic and steady stability margin will increase with smaller 
x.  

 
V. CONCLUSION 

 
This paper develops a way to unbundle the contribution of 

voltage stability to generator owners, transmission owners and 
excitation control owners. We showed that how the 
parameters of the three parts of the system (generator, 
controller and transmission) affect the bifurcation patterns, 
which enable us to design and optimize the system better and 
at the same time to allocate the contributions. In the same 
token, an investment award system can be built to award 
investments on the corresponding power infrastructure. 

A simple two-bus system is used in this paper to 
demonstrate our approach, which shows our approach is  easy 
and credible. 
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