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Abstract: Bulk power transfers in electric power systems
are limited by transmission network security. Transfer capa-
bility measures the maximum power transfer permissible un-
der certain assumptions. Once a transfer capability has been
computed for one set of assumptions, it is useful to quickly
estimate the effect on the transfer capability of modifying
those assumptions. This paper presents a computationally
efficient formula for the first order sensitivity of the trans-
fer capability with respect to the variation of any parame-
ters. The sensitivity formula is very fast to evaluate. The
approach is consistent with the current industrial practice of
using DC load flow models and significantly generalizes that
practice to more detailed AC power system models that in-
clude voltage and VAR limits. The computation is illustrated
and tested on a 3357 bus power system.

Keywords: power system security, power system control,
power transmission planning

INTRODUCTION

Transfer capability indicates how much a particular
bulk power transfer can be changed without compromising
system security under a specific set of assumptions. The
increased attention to the economic value of transfers
motivates more accurate and defensible transfer capability
computations.

A variety of applications in both planning and operations
require the repetitive computation of transfer capabilities.
Transfer capabilities must be quickly computed for various
assumptions representing possible future system conditions
and then recomputed as system conditions change. The use-
fulness of each computed transfer capability is enhanced if
the sensitivity of the transfer capability is also computed
[13, 9]. This paper shows how to quickly compute these
sensitivities in a general and efficient way. The sensitivities
can be used to estimate the effect on the transfer capabil-
ity of variation in simultaneous transfers, assumed data, and
system controls.

While there is general agreement on the overall purpose
and outline of transfer capability determination, the precise
requirements for such computations vary by region and are
evolving. In this paper, we focus on a generic transfer mar-

gin computation which is widely applicable.

A GENERIC TRANSFER MARGIN COMPUTATION

1 Establish a secure, solved base case consistent with the
study operating horizon.

2 Specify a transfer direction including source, sink, and
loss assumptions.

3 Establish a solved transfer-limited case and a binding se-
curity limit. The binding security limit can be a limit on
line flow, voltage magnitude, voltage collapse or other op-
erating constraint. Further transfer in the specified direc-
tion would increase the violation of the binding limit and
compromise system security.

4 The transfer margin is the difference between the transfer
at the base case and the limiting case.

Calculations of Available Transfer Capability (ATC), Capac-
ity Benefit Margin (CBM), and Transfer Reliability Mar-
gin (TRM) typically require that this generic transfer mar-
gin computation be repeated for multiple combinations of
transfer directions, base case conditions, and contingencies
[12, 13].

The generic transfer margin computation can be imple-
mented with a range of power system models. One conve-
nient and standard practice is to use a DC power flow model
to establish transfer capability limited by line flow limits.
The limiting cases are then checked with further AC load
flow analysis to detect possibly more limiting voltage con-
straints.

Alternatively, a detailed AC power system model can be
used throughout and the transfer margin determined by suc-
cessive AC load flow calculations [9] or continuation meth-
ods [2, 3, 1, 14]. A related approach [e.g., EPRI’s TRACE]
uses an optimal power flow where the optimization adjusts
controls such as tap and switching variables to maximize
the specified transfer subject to the power flow equilibrium
and limit constraints. The formulations in [9] and [15] show
the close connection between optimization and continuation
or successive load flow computation for transfer capability
determination. Methods based on AC power system mod-
els are slower than methods using DC load flow models but
do allow for consideration of additional system limits and
more accurate accounting of the operation guides and con-
trol actions that accompany the increasing transfers. Under
highly stressed conditions the effects of tap changing, capac-
itor switching, and generator reactive power limits become
significant. A combination of DC and AC methods may be
needed to achieve the correct tradeoff between speed and
accuracy. The methods in this paper account directly for
any limits which can be deduced from equilibrium equations
such as DC or AC load flow equations or enhanced AC equi-
librium models.



SENSITIVITY COMPUTATION

System Modeling

Assume a general power system equilibrium model writ-
ten asn equations:

0 = f(x, λ, p)

where
x is ann dimensional state vector that includes voltage mag-

nitudes, angles, branch flows, and generator MW and
MVAR outputs.

λ is a vector of generator MW output set points and/or
scheduled net area exports.

p is a parameter vector including regulated voltage set
points, generator load sharing factors, load and load
model parameters and tap settings.

The limits on line flows, voltage magnitudes, or generator
VAR outputs are modeled by inequalities in the states:

xmin
i ≤ xi ≤ xmax

i , i = 1, . . . , n.

Due to the modeling of operator actions and generator limits,
the equilibrium equations and the physical quantities repre-
sented by thex andp vectors can change under varying con-
ditions and transfer levels. For example, when a non-slack
generator is operated within its reactive power limits, the re-
active power output and angle at the generator bus are com-
ponents ofx and the regulated bus voltage and real power
output are components ofp. However, when the same gen-
erator is at a reactive power limit, the generator bus volt-
age and angle are components ofx and the real and reactive
power output are components ofp.
Base case:The base case specifies the nominal valueλ0 of
the generator outputs and net area exports.
Transfer specification: The transfer is specified by changes
to the vectorλ. The transfer direction describes howλ
changes as the transfer increases so that

λ = λ0 + k t

wheret is the transfer amount andk is a unit vector describ-
ing the transfer direction. For the simple case of net exports
increasing from one area matched by reduction in net ex-
port from another area, the transfer directionk is a column
vector with 1 in the row corresponding to the source area
export equation and−1 in the row corresponding to the sink
area export equation. For transfers specified by changes in
individual bus injections,k is a column vector with positive
entries at the source buses and negative entries at the sink
buses.
Transfer-limited case: Identification of a solved transfer-
limited case yields an equilibrium solution(x∗, λ∗, p∗) and
an additional constraint referred to as thebinding limit. The
equilibrium equations that model the power systemat the
binding limitare written

0 = F (x, λ, p) (1)

When a limit is encountered, one of the limit equationsxi =
xmin
i orxi = xmax

i holds for somei. We write the applicable
equation for the binding limit in the general form

0 = E(x, λ, p) (2)

The form (2) also encompasses more general limits. At the
binding limit

F (x∗, λ∗, p∗) = 0
E(x∗, λ∗, p∗) = 0

Transfer margin: The transfer margin is the change in the
transfer between the base case and the transfer-limited case.
Sinceλ∗ = λ0 + kT , the transfer margin isT .

Sensitivity Formula

Once the binding limit and the corresponding transfer-
limited solved case have been found, the sensitivity of the
transfer marginT can be evaluated. The sensitivity ofT to
the parameterp, often written as∂T∂p and here written asTp,
is computed using a formula derived in Appendix A:

Tp =

−w
(
Fp
Ep

)∣∣∣∣
(x∗,λ∗,p∗)

w

(
Fλk
Eλk

)∣∣∣∣
(x∗,λ∗,p∗)

(3)

where

• Fp andEp are the derivatives of the equilibrium and limit
equations with respect top.

• Fλk andEλk are the derivatives of the equilibrium and
limit equations with respect to the amount of transfert.

• w is a nonzero row vector orthogonal to the range of the
Jacobian matrixJ of the equilibrium and limit equations,
where

J =
(
Fx
Ex

)∣∣∣∣
(x∗,λ∗,p∗)

The row vectorw is found by solving the linear system

wJ = 0 (4)



SinceJ has one more row than column, there is always
a nonzero vectorw that solves (4).J generically has full
column rank, so thatw is unique up to a scalar multiple.
The sensitivityTp computed from (3) is independent of the
scalar multiple.

The first order estimate of the change in transfer margin
corresponding to the change inp of ∆p is

∆T = Tp ∆p (5)

If the binding limit is an immediate voltage collapse due to
a reactive power limit [5], then the analysis of this paper
applies with the limit equation (2) becomingQi = Qmax

i . If
the binding limit is voltage collapse due to a fold bifurcation,
the sensitivity formula of [7] applies.

Computational Efficiency

Once the transfer-limited solution is obtained, the mar-
gin estimates corresponding to varying a large number of
different parameters can be obtained for little more compu-
tational effort than solving the sparse linear equations (4)
for w. Solving (4) is roughly equivalent to one Newton it-
eration of a load flow solution. Note thatw need only be
computed once but can be used to find the sensitivity with
respect to any number of parameters. If a sequential LP is
used to determine the transfer margin as part of an optimiza-
tion program, thenw is found from the Lagrange multipliers
obtained at the last LP solution. The remaining computa-
tions (3) and (5) needed for the estimates require only sparse
matrix-vector multiplications.

The Jacobian matrixJ in (4) is available, often in factored
form, from the computation of the transfer-limited solution
by Newton based methods. The matrixFp in (3) is different
for each parameterp but its construction is a simple sparse
index operation, especially when the parameters appear lin-
early.

The sensitivity of the transfer capability with respect to
thousands of changes in load, generation, interarea transfers,
or voltage set points can be obtained in less time than a sin-
gle AC load flow solution.

3357 BUS EXAMPLE

The application of sensitivity formula (3) is illustrated
using a 3357 bus model of a portion of the North Amer-
ican eastern interconnect. The model contains a detailed
representation of the network operated by the New York
independent system operator and an equivalent represen-
tation of more distant portions of the network. From a
base case representative of a severely stressed power sys-
tem, small increases in transfer between Ontario Hydro and
New York City lead to low voltages, cascading generator re-
active power limits, and finally voltage instability. The sen-
sitivity formulas are used to identify effective control action
to avoid low voltage and VAR limit conditions, and to esti-
mate the effects of variation in transfers and loading on the
security of the system.
Base case:The base case is motivated by a scenario iden-
tified as problematic in the New York Power Pool sum-

mer 1999 operating study. The loss of two 345 KV lines,
Kintigh-Rochester and Rochester-Pannell Road during high
west to east transfer leads to low voltage conditions at the
Rochester 345 kV bus. At the base case solution, the volt-
age at the Rochester 345 kV bus is 333 kV, slightly above
the 328 kV low voltage rating.

Limiting events: From the base case, a sequence of AC
load flow solutions are obtained for increasing levels of ex-
port from Ontario Hydro and increasing demand in the New
York City zone. A 100 MW increase in this transfer results
in the voltage at the 345 kV Rochester bus reaching its low
voltage rating of 328 kV. Additional transfer leads to sev-
eral low voltages and nine additional generating units reach-
ing maximum VAR limits. Finally, for transfer of 140 MW
beyond that corresponding to the Rochester voltage limit,
a reactive power limit at one of the Danksammer generat-
ing units leads to immediate voltage instability [5]. (System
behavior under the stressed conditions is unstable without
voltage regulation at Danksammer.)

Table 1: Net zone exports in MW at base case, the initial
voltage limit at the Rochester 345KV bus, and the final re-
active power limit at Danksammer.

net export net export net export
ZONE base case voltage limit VAR limit

NYC –4806 –4906 –5046
OH 4080 4180 4320
HQ 976 976 976
PJM –3422 –3422 –3422

ISO-NE –28 –28 –28

Table 1 shows the net exports for five of the zones at the
base case and at two different limits. The transfer margin
to the voltage limit is 100 MW and the transfer margin to
the critical VAR limit is 240 MW. Since it is of interest how
avoiding the low voltage limit also improves the margin to
voltage instability, we compute the sensitivities of both these
margins.

Sensitivity to regulated voltage set points

The sensitivity of the transfer margins to the Rochester
voltage limit and the Danskammer VAR limit with respect
to all parameters is obtained using formula (3). Ranking of
all the NY ISO generator buses according to the sensitivity
of the transfer margins with respect to regulated generator
voltages indicates that the regulated voltage with the greatest
effect on the transfer margin to the Rochester voltage limit
and the second greatest effect on the margin to the Danksam-
mer VAR limit is the Hydro facility in Niagara.



Fig. 1 shows the linear estimate for the change in trans-
fer margin to the voltage limit as a function of the voltage
set point at the Niagara generator. The estimates are com-
pared with actual values computed by AC loadflow analysis
represented by the circles in Fig. 1. Fig. 2 compares the
linear estimate with actual values computed by AC load-
flow analysis for the change in the transfer margin to the
Danksammer VAR limit as a function of the Niagara voltage
set point. Figs. 1 and 2 show that the estimates are accurate
for a±5% variation in the regulated output voltage of the
Niagara unit. Note that for both limits, setting the voltage
set point greater than 1.07 pu does not improve the margin
as predicted because at that voltage the generator reactive
power output reaches its maximum before the transfer limit
is encountered.
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Fig. 1: Effect of regulated output voltage on margin to volt-
age limit.
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Fig. 2: Effect of regulated output voltage on margin to criti-
cal VAR limit.

Sensitivity to Simultaneous Transfers

One concern is the effect of simultaneous transfers on the
computed transfer margins. Figs. 3 and 4 show the effects

on the voltage and VAR limited transfer margins of a simul-
taneous Hydro Quebec to PJM transfer. The simultaneous
transfer affects the VAR limit more than the voltage limit,
and the sensitivity based estimates are accurate for a±200
MW transfer variation, which is a20% variation in export
from Hydro Quebec.
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Fig. 3: Effect of simultaneous transfer on margin to voltage
limit.
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Fig. 4: Effect of simultaneous transfer on margin to critical
VAR limit.

Sensitivity to Load Variation

Another concern is load forecast error. For example, con-
sider the effect of load variation in the Albany region on the
transfer margins. The real and reactive power loads in Al-
bany are changed keeping constant power factor. The esti-
mates are compared with the actual values computed directly
from AC loadflow analysis in Figs. 5 and 6. The results are
very accurate for±200 MW total load variation, but less
accurate for±400 MW. The base case Albany zone load is
2000 MW.
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Fig. 5: Effect of Albany loading on margin to voltage limit.
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Fig. 6: Effect of Albany loading on margin to critical VAR
limit.

DISCUSSION AND RELATED WORK

The primary tool used in industry for computing trans-
fer capability margins is the DC loadflow model with PTDF
and OTDF computations (e.g., PTI program MUST [11]). It
can be shown [6] that the sensitivity formula (3) reduces to
PTDFs and OTDFs for the appropriate DC load flow mod-
els and this is illustrated in Appendix B. Thus this paper
significantly generalizes standard sensitivity methods to en-
compass more accurate transfer capability calculations on
more detailed models. In particular, account can be taken of
power system nonlinearity, operator and automatic control
actions, and voltage and VAR limits. The detailed models
also expand the range of parameters with respect to which
transfer capabilities can be computed. For example, the sen-
sitivity of a line flow limit to reactive power injection can be
computed.

Gravener and Nwankpa [9] have also nicely demonstrated
the use of transfer margin sensitivities; the difference with
this paper lies in the way the sensitivities are computed.
In [9], the sensitivities are computed numerically by incre-

menting the parameter and rerunning whereas we suggest a
fast analytical formula for the sensitivities. Thus this paper
supports the conclusions of [9] by proposing a much faster
way to achieve similar benefits.

The overall margin sensitivity approach used in this paper
arose in the context of loading margins to voltage collapse
caused by fold bifurcation [4, 7]. The sensitivity formula of
[7] differs from formula (3) in thatw stands for a different
vector and that no event equation is used. However, [6] for-
mulates an event equation for the fold bifurcation to obtain
a formula of the form (3) which does reduce to the formula
of [7]. [10] demonstrates the use of the margin sensitivity
methods of [7] for fast contingency screening for voltage
collapse limits only. Testing of fast contingency screening
using the more general security limits of this paper is future
work.

The sensitivity formula (3) was first stated in [8] and then
in the PhD thesis [6]. This paper greatly extends the initial
work reported in [8] by deriving and testing the formula and
applying it to a realistic power system.

CONCLUSIONS

We show how the sensitivity of the transfer capability can
be computed very quickly by evaluating an analytic formula
at the binding limit. The sensitivities can be used to es-
timate the effect on the transfer capability of variations in
parameters such as those describing other transfers, operat-
ing conditions or assumed data. The approach is consistent
with current industrial practice using DC load models and
significantly generalizes this practice to include more elab-
orate AC power system models and voltage and VAR limits
on power system operation. Once the transfer capability and
corresponding binding limit and solved case have been com-
puted, the first order sensitivity of this transfer capability to
a wide range of parameters can be quickly computed. These
first order sensitivities can contribute to the quick update
of transfer capabilities when operating conditions or other
transfers change. Moreover, the sensitivities can be used to
select operator actions to increase transfer capability.

A simple approach computes the sensitivity of the trans-
fer margin to the single binding limit. In practice, there are
often other limits encountered just after the binding limit.
Since these limits could become binding for some parame-
ter changes, it is recommended that the sensitivity of these
transfer margins also be computed. Then the power system
can be steered away from several security limits that may
become binding.

We conclude that after each computation of a transfer ca-
pability, it is so quick and easy to compute sensitivities of
that transfer capability that this should be done routinely
to extract the maximum amount of engineering value from
each computation. In the case of predicting the effect of
large parameter changes on transfer margins, even if more
than first order accuracy is ultimately required, it is still de-
sirable to first estimate the effects with first order sensitivi-
ties.
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Appendix A: Derivation of Sensitivity

Define

H(x, λ, p) =
(
F (x, λ, p)
E(x, λ, p)

)
H(x∗, λ0 + kt∗, p) = 0. Assume thatH is smooth and
assume the generic transversality condition that(

Hx Hλk
)∣∣
∗ has rankn+ 1. (6)

Then the implicit function theorem implies that there are
smooth functionsX(p), T (p) defined nearp∗ withX(p∗) =

x∗ andT (p∗) = t∗ such that

H(X(p), λ0 + kT (p), p) = 0 (7)

Differentiating (7) yields(
Hx Hλk

)∣∣
∗

(
Xp

Tp

)
= −Hp|∗ (8)

There is a nonzero row vectorw such thatwHx|∗ = 0. w
is unique up to a scalar multiple whenHx|∗ has full rank,
which is implied by condition (6). Pre-multiplying (8) byw
yields

wHλk|∗ Tp = −wHp|∗ (9)

Condition (6) implies thatwHλk|∗ is not zero and hence (9)
can be solved to obtain (3). The geometric interpretation
of the quantities in (3) is that(wHλk,−wHp) is the nor-
mal vector to the hypersurface in(t, p) space corresponding
to the binding limit. In an optimization formulation ([14,
chap. 7],[15]) which maximizes the transfer subject to the
power system limits, these normal vectors become Lagrange
multipliers.

The sensitivityXp of the states at the binding limit is of-
ten useful and this can be obtained by solving (8). For exam-
ple,Xp∆p can be used to screen for cases where new limits
would be violated (e.g.,Xp∆p[i] ≥ xmax

i ) [6].

Appendix B: DC Load Flow Example

We show how the general formula (3) applies in a
simple DC load flow example with 6 buses. The
slack bus is numbered 0. For the non-slack buses,
write θ = (θ1, θ2, θ3, θ4, θ5)T for the angles andλ =
(λ1, λ2, λ3, λ4, λ5)T for the power injections. The DC load
flow equations areF (θ, λ) = Xλ − θ. The transfer is from
bus 3 to bus 4 so thatk = (0, 0, 1,−1, 0)T . The limit on the
transfer is overload on line 1–2 so that the limit equation is
E(θ, λ) = b12(θ1 − θ2)− λ12max. The parameter isλ0

5, the
base case power injection at bus 5.Fθ = −I andEθ =
(b12,−b12, 0, 0, 0) and hencew = (b12,−b12, 0, 0, 0, 1).
Fλ = X and Eλ = 0. Fλ0

5
= X (0, 0, 0, 0, 1)T and

Eλ0
5

= 0. The transfer marginT is the increase in transfer
from bus 3 to bus 4 which causes the flow limit on line 1–2.
Substitution in (3) gives the sensitivity ofT with respect to
injection at bus 5:

Tλ0
5

=
X15 −X25

X13 −X23 −X14 +X24
=

ρ12,5

ρ12,3 − ρ12,4

whereρ12,m = b12(X1m − X2m) is the well known sensi-
tivity of the flow on line 1–2 with respect to power injection
at busm.
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