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Executive Summary 

The major information problem for smooth transmission expansion is the balancing of 
expansion costs with the cost of congestion and reliability during the operation of the 
energy system multiple markets over a repeated number of years.  The risk of delivery 
failure due to transmission limitations, the risk of market power due to insufficient 
market reach to another supplier, and the operational risk due to maintenance schedules 
are known risks that must be mitigated by transmission expansion over some long-term 
future time horizon.  This project assumes that the transmission owners are regulated 
entities that are compensated based on total costs each year plus a predetermined rate of 
return based on quality of service (performance based rates). 

 

This report relates to available transfer capability (ATC) between two points in a power 
network.  The ATC is a limit to the amount of power that can be exchanged between two 
points. The calculation of ATC has traditionally been a deterministic calculation.  
However, loads and line status are stochastic phenomena that possess random elements.  
In this report, the ATC calculation is treated as a stochastic process and the calculation is 
made using stochastic power flow technology.  In doing this, the probability density of 
the ATC is obtained.  It is then possible to calculate the expected level of ATC (and 
therefore the expected level of revenue that can be obtained from transmission resource).  
In addition to expected values, the standard deviation and other statistical data can be 
calculated.  Some simple examples are produced to illustrate the concept. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 iii



 

Table of Contents 
 

1.    Stochastic Power Flow Study Applications to Power Marketing……..…...……..1 

1.1    Overview……………………...…………………………………..…………1 

1.2    Statement of the problem …………………………….…………………......2 

1.3    Available transfer capability literature review ……………………………..2 

1.4    Stochastic load flow literature review ……………………………………...6 

1.5    Probability density fitting ……………………………………….……….....9 

2.   Probabilistic Available Transfer Capability…………………………..………….12 

 2.1    Introduction …………………………………………………….………….12 

 2.2    Statistical moments of line flows …………………………….……………13 

 2.3    ATC calculation …………………………………………….……………..16 

 2.4    Statistical moments of ATC ………………………………….……………21  

 2.5    Fitting of the Gram Charlier series………………………….……………..23 

 2.6    Summary of the proposed algorithm ……………………….……………..26 

3.   Stochastic Available Transfer Capability Calculations ……………..…………..29 

 3.1    Description of the test beds and examples ………………………………..29 

 3.2     Illustration of the stochastic and Monte Carlo load flow agreement ……..37 

 3.5    Expected price of transfer …………………………………...…….………45 

 3.6    Example 14S ………………………………………………………………45 

 3.7    Concluding remark …………………………………………….…………..50 

4.   The Effect of Transmission Line Outages on the Stochastic ATC Problem …...51 

 4.1   Formulation of examples to illustrate line outage effects …………...……..51 

 4.2   Example 14S2-4 …………………………………………………..………..52 

 iv



 

 Table of Contents (continued) 
 

4.3   Example 14S6-13 …………………………………………………..………55 

 4.4   Concluding remark ………………………………………………..………..58 

5.    Conclusions Drawn from the Examples ………………………………...………..59 

 5.1   Conclusions from Examples 4S, 4MC, and 14S ………………..………….59 

 5.2   Conclusions from the line outage Examples 14S2-4, 14S6-13 ……..……..60 

6.    Overall Conclusions and Future Work ………………………………..…………66 

 6.1   Original research ……………………………………………..…………….66 

 6.2   Conclusions …………………………………………………..…………….66 

 6.3   Recommendations …………………………………………..……………...67 

References ………………………………………………………………...…………….70 

Appendix A: The Gram Charlier Series Subroutine …………………………...……73 

Appendix B:  Additional Line Outage Examples …………………………………….75 

 B.1   Formulation of examples to illustrate line outage effects ……..…………..75 

 B.2   Example 14S10-11 ……………………………………………..………….76 

 B.3  Example 14S1-5 ………………………………………………...………….81 

Appendix C: List of the Examples ……………………………………………………86 

 

 

 
 

 

 

 

 v



 

List of Figures 
 

Figure 1.1 TTC, ATC, and related terms in a transmission service reservation system  
(taken directly from [9]) ………………………………………………..…………4 

Figure 2.1 Illustration of ATC …………………...……………………………...……...12 
Figure 2.2 The general concept of the proposed algorithm……………………………...13 
Figure 2.3 Probabilistic power flow using the Monte Carlo method……………...…….14 
Figure 2.4 Stochastic load flow study process……………………………………...…...16 
Figure 2.5 Probabilistic ATC determination using stochastic analysis and Monte Carlo  
 methods..…………………………………………………………………………28 
Figure 3.1 The 4 bus test bed, Examples 4MC and 4S.....................................................30 
Figure 3.2 Two solution approaches for the 4 bus example………………………….....32 
Figure 3.3 The 14 bus test bed (taken directly from [37])……………………………....35 
Figure 3.4 The solution of the 14 bus example………………………………………….36 
Figure 3.5 PDF of the ATC transfer from 1 to 2 in Example 4MC………………......…39 
Figure 3.6 PDF of the ATC transfer from 1 to 2 in Example 4S………………………..39 
Figure 3.7 PDF of the ATC transfer from 1 to 3 in Example 4MC…………………......40 
Figure 3.8 PDF of the ATC transfer from 1 to 3 in Example 4S……………………......40 
Figure 3.9 PDF of the ATC transfer from 1 to 4 in Example 4MC…………………......41 
Figure 3.10 PDF of the ATC transfer from 1 to 4 in Example 4S……………..……......41  
Figure 3.11 PDF of the ATC transfer from 2 to 3 in Example 4MC……………………42 
Figure 3.12 PDF of the ATC transfer from 2 to 3 in Example 4S……………..……......42 
Figure 3.13 PDF of the ATC transfer from 2 to 4 in Example 4MC……………………43 
Figure 3.14 PDF of the ATC transfer from 2 to 4 in Example 4S……………..……......43 
Figure 3.15 PDF of the ATC transfer from 3 to 4 in Example 4MC……………………44 
Figure 3.16 PDF of the ATC transfer from 3 to 4 in Example 4S……………..……......44 
Figure 3.17 PDF of the ATC transfer from 3 to 6 in Example 14S……..………………47 
Figure 3.18 PDF of the ATC transfer from 2 to 9 in Example 14S……..………………47 
Figure 3.19 PDF of the ATC transfer from 3 to 13 in Example 14S……………………48 
Figure 3.20 PDF of the ATC transfer from 1 to 13 in Example 14S……………………48 
Figure 3.21 PDF of the ATC transfer from 2 to 14 in Example 14S……………………49 
Figure 3.22 PDF of the ATC transfer from 1 to 3 in Example 14S……..………………49 
Figure 4.1 PDF of the ATC in line 1-13 in Example14S2-4…………………….….......54 
Figure 4.2 PDF of the ATC in line 2-14 in Example14S2-4……..…………..…………54 
Figure 4.3 PDF of the ATC in line 1-3 in Example14S2-4……..………………………55 
Figure 4.4 PDF of the ATC in line 3-6 in Example14S6-13……..………………..……57 
Figure 4.5 PDF of the ATC in line 2-9 in Example14S6-13……..………………..……57 
Figure 4.6 PDF of the ATC in line 3-13 in Example14S6-13……..…….………..…….58 
Figure 5.1 The 14 bus test bed……..………………………………………….…...……64 
Figure 5.2 General results of a line outage case………………………………………...65 
Figure B.1 PDF of the ATC between buses 3-13 in Example14S10-11 with line 10-11 in  
 service………………………………………………………....………...……….78 
Figure B.2 PDF of the ATC in line 3-13 in Example14S10-11 with line 10-11 out of 

service……..……………………………………………………..…........………78 
Figure B.3 PDF of the ATC in line 6-9 in Example14S10-11 with line 10-11 in service 
…...………………………………………………………………………………....……79 

 vi



 

List of Figures (continued) 
 
Figure B.4 PDF of the ATC in line 6-9 in Example14S10-11 with line 10-11 out of  
 service.…………………………………………………………………………...79 
Figure B.5 PDF of the ATC in line 2-9 in Example14S10-11 with line 10-11 in service 
...………………………………………………………………………………………….80 
Figure B.6 PDF of the ATC in line 2-9 in Example14S10-11 with line 10-11 out of 

service….…..…………………………………………………………………….80 
Figure B.7 PDF of the ATC in line 1-5 in Example14S1-15 with line 1-5 in service…..83 
Figure B.8 PDF of the ATC in line 1-5 in Example14S1-15 with line 1-5 out of service 
...………………………………………………………………………………………….83 
Figure B.9 PDF of the ATC in line 2-5 in Example14S1-15 with line 1-5 in service…..84 
Figure B.10 PDF of the ATC in line 2-5 in Example14S1-15 with line 1-5 out of service 
...………………………………………………………………………………………….84 
Figure B.11 PDF of the ATC in line 2-13 in Example14S1-15 with line 1-5 in service 
...………………………………………………………………………………………….85 
Figure B.12 PDF of the ATC in line 2-13 in Example14S1-15 with line 1-5 out of  
 Service………………………………………………………………………...….85 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 vii



 

List of Tables 
 
Table 3.1 The 4 bus test bed bus data in Examples 4MC and 4S…………………….…30 
Table 3.2 The 14 bus test bed system data .……………………………………………..33 
Table 3.3 The14 bus test bed bus data………………..………………………………....34 
Table 3.4 First five statistical moments of all ATC transfers (ATC in MW) in Examples 

4MC and 4S………………………………………………………... ………...…38 
Table 3.5 Expected price of ATC in Example 4S for two price Equations (3.1), (3.2)  
……………………………………………………………………………………………45 
Table 3.6 Transfers used for Example 14S………………..………………………….....46 
Table 3.7 Statistical moments and expected prices for given transfers for Example 

14S……………………………………………………….……............................46 
Table 4.1 Lines used for the determination of the stochastic ATC in Example 14S2-4 
...…………………………… ……………………………………………………………51 
Table 4.2 Lines used for the determination of the stochastic ATC in Example 14S6-13 
...………………………………………………………………………………………….52 
Table 4.3 Statistical moments and expected price for all transmission lines online and 
line 2-4 out of service in Example 14S2-4………………………………………….........53 
Table 4.4 Differences of the mean ATC calculated with line 2-4 in service and out of 
service and the expected price of the ATC calculated with line 2-4 in service and out of 
service in Example 14S2-4..………………………… …………………….……………53 
Table 4.5 Statistical moments and expected price for all transmission lines online and 
line 6-13 out of service in Example 14S6-13...………………………… ……………….56 
Table 4.6 Differences of the mean ATC calculated with line 6-13 in service and out of 
service and the expected price of the ATC calculated with line 6-13 in service and out of 
service in Example 14S6-13……………………………………………………………..56 
Table 5.1 Computation times for the Monte Carlo and stochastic analysis methods in  
Examples 4S, 4MC and 14S……………………………………………………………..60 
Table 5.2 Differences between the limiting elements in Example 14S2-4……………...61 
Table 5.3 Differences between the limiting elements in Example 14S6-13…………….61 
Table 5.4 Mean of the ATC and distribution factors for line 5-6 when line 6-13 is in and 

 out of service…………………………………………………………………….63 
Table B.1 Lines used for the determination of the stochastic ATC in Example 14S10-11 
...………………………………………………………………………………………….75 
Table B.2 Lines used for the determination of the stochastic ATC in Example 14S1-5 
...………………………………………………………………………………………….75 
Table B.3 Statistical moments and expected price for all transmission lines online and 

line 10-11 out of service in Example 14S6-13……………………………….......76 
Table B.4 Differences of the mean ATC calculated with line 10-11 in service and out of 

service and the expected price of the ATC calculated with line 10-11 in service 
and out of service in Example 14S10-11………………………………………...77 

Table B.5 Statistical moments and expected price for all transmission lines online and 
line 1-5 out of service in Example 14S1-5.……………………… ……………...81 

Table B.6 Differences of the mean ATC calculated with line 1-5 in service and out of 
service and the expected price of the ATC calculated with line 1-5 in service and 
out of service in Example 14S1-5………………………………………………..82 

 viii



 

List of Tables (continued) 
 
Table C.1 The analysis, test bed, and line outage case possibility for all examples in the 
 report……………………………………………………………………….…..86 
Table C.2 Transfers that are shown for each example in the report…………………..86 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 ix



 

Nomenclature 

ANN artificial neural networks 

ATC available transfer capability 

BAATC −  available transfer capability between bus A and bus B 

jc  jth constant in the Gram Charlier Type A series 

CBM 

)(ΛAcol  

capacity benefit margin 

the column A of the matrix of the argument 

CPF 

)(Λdiag  

continuation power flow 

a diagonal matrix of the values of the argument 

kijDF ,  distribution factor of line from bus i to bus j with respect to a power 
injection at bus k 

][ΛE  expectation operator 

exp exponential 

{ }Λℑ  Fourier transform 

f(x) probability density function 

FERC Federal Energy Regulatory Commission 

G(x) characteristic Gaussian function 

)(xH j  jth Hermite polynomial 

ISO independent system operator 

nk  nth cumulant 

LATC linear available transfer capability 

lse limiting system element for a particular ATC transfer 

 x



 

Nomenclature (continued) 

)(k
xm  kth raw moment of x 

xM  vector of means of variable x 

Line
lseM ,1  matrix of the means of line lse 

)(k
lsem  kth raw moment of line flows of line lse 

)(k
ATCm  

)(min Λ
rows∀

 

kth raw moment of the ATC 

 
the minimum of all rows of its vector argument 

MW megawatts 

NERC North American Electric Reliability Counsel 

OASIS open access same-time information system 

P active power 

Rating
ijP  rating of the transmission line connected between buses i and j 

Line
ijP  load flower for the transmission line between bus i and j 

PDF probability density function  

Pr  ATC general price function 

Pr  14
ATC

example price function for the 14 bus system 

Pr  4
1−ATC

4 bus price function 1 

Pr  4
2−ATC

4 bus price function 2 

Q reactive power 

R resistance 

 xi



 

Nomenclature (continued) 

)(Λlserow  a scalar in the row lse of its vector argument 

ijS  transmission line complex power 

kS  complex bus power 

TTC total transfer capability 

V voltage 

X reactance 

x variable 

ijz  impedance of line from bus i to bus j 

ikbusZ )(  ith row and kth column of the  matrix busZ

)(k
xµ  kth central moment of x 

GCµ  mean used in the evaluation of the Gram Charlier series 

)(ωφ  characteristic function 

Λ  absolute value 

xΣ  covariance matrix of variable x 

2
GCσ  standard deviation of the Gram Charlier series 

∞  infinity 

 

 

 

 xii



 

1. Stochastic Power Flow Study Applications to Power Marketing 

1.1 Overview 

  The major information problem for smooth transmission expansion is the 

balancing of expansion costs with the cost of congestion and reliability during the 

operation of the energy system multiple markets over a repeated number of years. The 

risk of delivery failure due to transmission limitations, the risk of market power due to 

insufficient market reach to another supplier, and the operational risk due to maintenance 

schedules are known risks that must be mitigated by transmission expansion over some 

long-term future time horizon. 

The Available Transfer Capacity (ATC) is the amount of power that can be traded 

between any two buses a power system.  Numerical values for the ATC are commonly 

used to determine the amount of money that is generated for a trade.  The money 

generated from the ATC can be compared to expansion costs of a system. Theses 

comparisons can further mitigate the risks of transmission expansion and determine the 

effect line outages have on the money generated from trading. 

Since power is commonly traded in time intervals, the stochastic nature of power 

systems show that load demands can have a probabilistic behavior.  The probabilistic 

behaviors of the loads indicate that the ATC can also behave probabilistically. Solving a 

stochastic ATC problem can assist the justification of transmission expansion over some 

long term-future time horizon. 
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1.2 Statement of the problem 

Currently not much information is known about solving the stochastic ATC 

problem.  For most cases, a stochastic ATC problem can be solved using a Monte Carlo 

analysis.  In order to get the best results from a Monte Carlo analysis, a large number of 

trials have to be solved which can have a large computational time.  A stochastic analysis 

of ATC can have a significant decrease in the computational time utilizing an alternative 

method incorporating a stochastic load flow algorithm.   

1.3 Available transfer capability literature review 

The Federal Energy Regulatory Commission (FERC), in response to the 

devolvement of the Federal Power Act in 1992, issued a series of proposed rules that 

provided hints to the direction that FERC was headed and sought industry comment.  

After gathering the wide number of industrial comments, FERC issued the Orders No. 

888 [7] and 889 [8] in 1996. These orders established certain guidelines that energy 

markets have to follow which played key roles in opening the US energy market to 

competition.  

FERC Order 888 further opens up access to existing electric power transmission 

networks and allows for a better customer choice. Order 888 mandated the separation of 

electrical services and marketing functions which required utilities to provide open access 

to their tariffs, and gave existing utilities the right to recover stranded costs from energy 

customers from investments based on the older regulations.   

FERC Order 889 mandated the information of energy market indicators such as 

Available Transfer Capability (ATC) and Total Transfer Capability (TTC) available to 

potential competitors, and posting of the energy market indicators on the Open Access 
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Same-time Information System (OASIS) [8]. ATC is defined by the FERC as the 

measure of transfer capability remaining in the physical transmission network over 

committed uses. Also, the TTC is defined as the total amount of power that can be sent in 

a reliable manner.  The purpose of calculation and posting of market indicators such as 

ATC and TTC to OASIS is to further the open access of the bulk transmission system by 

providing a market signal of the capability of a transmission system to deliver energy, 

which would spur competitive bidding in the energy market.   

The NERC formed the official definition and proposed a numerical approximation 

of the ATC in 1995 and 1996 [9, 10]. The documents by NERC defined ATC as a 

measure of transfer capability which gives how much available transfer room that is left 

in the physical transmission network above already committed uses.  The NERC further 

defines ATC as a function of increases in power transfers between different systems 

where as the transfers increase, the flows in transmission lines increase. The TTC is the 

largest flow in the selected transmission system for which there are no reliability 

concerns such as thermal overloads, voltage limit violations, voltage collapse and any 

other system reliability problems. The TTC minus the base case flow and appropriate 

transmission margin is the ATC for the selected transmission system.  Figure 1.1 shows 

an NERC depiction of ATC. The top line of the figure illustrates the TTC. The changes in 

TTC depict changing reliability concerns, temperature and other factors that would cause 

change in the maximum amount of power that can be transferred.  The recallable and 

non-recallable ATC scheduled are the base case load flows which already exist in the 

system, with the recallable scheduled loads the ISO an option to disconnect loads that 

affect the ATC transfer. The Transmission Reliability Margin (TRM) show a how much 
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available “room” is left in the system.  The TRM is a small amount of reserved available 

power that insures a margin of stability in the system if unscheduled faults or 

interruptions occur.   

 

Figure 1.1 TTC, ATC, and related terms in a transmission service reservation 

 system (taken directly from [9]). 

 

Ejebe [14] implemented a program for ATC calculations based on a full AC 

power flow solution. The features of the program determine the reactive power flows, 

voltage limits and voltage collapse, as well as thermal loading effects.  A continuation 

power flow (CPF) is used that is based on the Newton power flow algorithm with 

adaptive localization.  Due to the large number of contingencies that are needed to 

determine ATC for each transfer, a large computation time results.  
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Gravener [11] saw from a test case of the Pennsylvania-Jersey-Maryland 

Interconnection that ATC needed to account for the uncertainties that exist in the physical 

structure of the power system. An ATC calculator is developed which included both 

linear and nonlinear analysis.  Results showed that when the transfer step sizes in the 

ATC search pattern were varied, ATC values varied as much as 8%. The variation of 

ATC values in the calculator has an enormous impact on the energy market and 

improvement on the search algorithms to decrease the variation needs to be implemented. 

Ejebe [12] implemented a linear ATC (LATC) calculator based on the linear 

incremental power flow approximation.  The LATC calculator provides a reasonable 

accurate approximation of the ATC much faster than exact methods.  The thermal limits 

of the line flows and calculation of time independent generating and line outage 

contingencies before LATC make the calculation of the ATC faster.  Tests were done on 

two large practical systems that provided a close approximation to the exact value of 

ATC with a faster speed then the continuation power flow method. 

Sauer [13] presented some initial concepts on including reactive power in linear 

methods for computing ATC.  The reactive power flows are first determined. The ATC is 

then attained using active power distribution factors. Results show that inclusion of 

reactive power in linear ATC can reduce errors in the estimation of the maximum 

transaction over a transmission system.  The computation method can be efficiently 

implemented in linear ATC programs, without considerable increase in computer 

requirements.  Sauer’s consideration of reactive power in the ATC calculation is only 

applied to small systems and needs to be tested in large systems. 
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1.4 Stochastic load flow literature review 

Power flow studies have been a major part of the analysis and design of power 

systems.  Throughout the history of load flow techniques, the data that are provided in 

order to calculate the load flow variables are generally considered to be constant and 

deterministic. The inputs to a load flow analysis are, in most cases, a snapshot value of a 

wide range of data.  This input technique gives a picture on what happens in the system, 

but engineers often need to know the effect of a range of operational load values.  Since 

the 1970s, researchers have been studying data ranging.  Probabilistic or stochastic load 

flow methods are an approach to accommodate and model the random nature of the 

operational load and generation data. 

Throughout the 1970s and 1980s a number of papers addressed different 

techniques involved to analyze a stochastic load flow problem. Vorsic, Muzek, and 

Skerbinek [1] summarized the different stochastic load flow techniques in three basic 

methods: Monte Carlo, convolution, and the method of statistical moments.  The Monte 

Carlo method is the first known method to obtain the solution of the stochastic load flow 

problem. This method utilizes repeated trials the deterministic load flow technique to 

determine the probability distributions of the nodal powers, line flows and losses.  Since 

the accuracy of the probability distribution of line flows, voltages and losses is presumed 

to be better when modeling all stochastic inputs over a large number of trials, the Monte 

Carlo method is often characterized by a large computation time.  Nonetheless, the Monte 

Carlo method has been used in many general engineering applications [17-25]. This 

method has an appeal that a wide range of stochastic phenomena can be modeled, thus 

suggesting “accuracy” in the results.  But computational burden is a clear disadvantage 
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and researchers have sought faster methods to calculate the probability distributions.  The 

Monte Carlo method can be used to verify these faster methods. 

Returning to the stochastic power flow studies, the convolution method was 

perhaps first researched by Borkowska [2]. Prior to her paper, there was little research 

done in determining the effect of the uncertainty of load data to the uncertainty of bus 

voltage and line power flow. Borkowska’s work concentrated on how probability density 

functions of the input bus variables calculated through load flow equations yield density 

functions of branch power flows.  She assumed that active and reactive power flows are 

independent of each other. The random processes associated with the input bus variables 

are assumed independent and have a general statistical distribution which is calculated 

though linear load flow analysis using a convolution technique. The resulting density 

function gives a practical view of the probability of exceeding the capacity limit in 

branch flows and the practical and probable range of branch load values.  Some problems 

in her assumptions are the nonlinear relation between node loads and branch flows, and 

proper balance of generation and loads. 

Dopazo, Klitin, and Sasson [3] addressed the stochastic load flow problem 

approximately at the same time as Borkowska.  Their objective was similar to 

Borkowska’s convolution method but with a different approach. Employing a method 

that assumed normally distributed variables of load bus P and Q and normally distributed 

generator bus variables P and V, Dopazo, Klitin, and Sasson calculated load flows using 

classical methods. A covariance matrix of the load flow data is formed. Using the 

variances assumed for the input data, another covariance matrix is formed.  The two 

covariance matrices are then used to obtain confidence limits, or ranges of which the true 
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value has a given probability of existence (e.g., a 99% confidence interval). Note that 

normally distributed complex random variables have their difficulties as described in [26-

32]. 

The method of statistical moments, used by Sauer and Heydt [4], denotes a 

density function of random variables as an infinite series each of whose terms depend on 

statistical moments. The kth raw and central statistical moments of random variable x are 

)()( kk
x xEm =  

))(( )1()( k
x

k
x mxE −=µ  

where denotes expectation.  Following linearization of the system equations, the 

statistical moments of voltages and load flows are used to determine the distribution of 

voltages and load flows.  The method works well solving the stochastic load flow 

equations with errors in the output data being smaller than other methods [2, 3]. Note that 

the probability density function of a random variable is not determined by its statistical 

moments in general, but in practical engineering applications one may assume that the 

density and distribution are uniquely determined by the statistical moments. [26-32]. 

)(ΛE

A simpler solution of the Sauer and Heydt’s approach was done by Patra and 

Misera [5]. A proposed method of cumulants by Sanabria and Dhillon [6] is the basis of 

the work done by Patra and Misra. The method, like [4], uses the method of statistical 

moments to analyze the complex random variables while using the Gram-Charlier 

expansion [27] to approximate the probability density functions of the output bus 

voltages and line flows. The cumulants nk  of a probability distribution are found from the 

statistical moments of the distribution.  In terms of the first four raw moments of random 

variable x, the first four cumulants of x are 
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4)1(2)1()2(2)2()1()3()4(
4

3)1()1()2()3(
3

2)1()2(
2

)1(
1

)(6)(12)(34

)(23

)(

xxxxxxx

xxxx

xx

x

mmmmmmmk

mmmmk

mmk

mk

−+−−=

+−=

−=

=

 

where  with is the nth raw moment of the the random variable x.  The cumulants are 

used in the Gram-Charlier expansion where the bus voltages and line flows are obtained 

from both the statistical moments and cumulants.  Conclusions of Patra and Misera’s 

work show that their technique has better computational advantages compared to existing 

methods using complex random variables for the load flow. However, Patra and Misera’s 

method seems to give higher errors than in [4]. 

)(n
xm

 Zhang and Lee [15] proposed a method of computing a probabilistic load flow 

study in large power systems. The method can is proposed to be a quick screening tool to 

analyze major investments on improving transmission system inadequacy. Zhang and 

Lee’s scheme combines the determination of line flow cumulants and the Gram Charlier 

expansion to obtain probabilistic distribution functions of the transmission line flows.  

Their conclusions show that their method is able to accurately approximate the 

cumulative distribution function of transmission line flows for small systems. They state 

that future research will consider applying their method to larger size systems.   

1.5 Probability density fitting 

An important step in a stochastic load flow problem is the representation of the 

line data, or line statistical moments into a probability density function.  Sauer [4] 

implemented the Gram Charlier Type A [27,33] series in the stochastic load flow 

problem. The general concept of construction of a probability density function has 

occupied considerable attention in the classical probability literature.  Alternatives are 
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illustrated here with the implication that the probability density function of ATC might be 

better constructed using one of these alternatives.  Three different fitting theories based 

on the works of Karl Pearson, H. L. Gram, C. V. Charlier, and F. Y. Edgeworth are well 

documented and have many distinguishing qualities. 

Pearson’s distributions [27] provide a systematic approach to fit statistical 

moments to one of twelve specific closed form density functions. Three are well known 

normal, beta, and gamma density functions.  The criteria for determining which of the 

twelve densities to use are given in [27], and the process is quite lengthy.  The process for 

determining the distribution as well as the criteria has a significant disadvantage of the 

required data due to the large size as well as the lengthy computation time needed to run 

in a computer program. 

The Gram-Charlier and Edgeworth series [27,33-36] are independently derived 

representations a density function as an infinite series involving statistical moments and 

cumulants.  The methods generally stem from the uniqueness of the characteristic 

function 

∫
∞

∞−

== dxxfeeE xjxj
x )(][)( ωωωφ . 

Three of the Gram-Charlier series have been proposed based on an infinite series 

of functions of Hermite polynomials and statistical moments.  The Type A series is the 

most commonly used type and is based on derivatives of the characteristic function of the 

normal distribution.  The characteristic function of a probability density function is its 

Fourier transform, 

{ } ).()( ωφxx xf =ℑ  
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The Gram Charlier series Type A has been widely applied and can accurately 

represent many density functions, but in some cases, can produce negative frequencies.  

The Type B and C series [27,33] are based on derivatives of the Poisson density and the 

gamma and beta densities. The Type B series has certain mathematical advantages and 

this series has been used to accommodate discontinuous variation resembling the Poisson 

distribution. The Type B series is rarely used.  The Type C series, based on derivatives of 

the gamma and beta densities, was proposed by Charlier to avoid negative frequencies 

but never has had the appeal of the Type A series. 

The Edgeworth series [34-36] , which resembles the Gram-Charlier series, utilizes 

cumulants, instead of statistical moments in an infinite series based on the derivates of 

the same normal, Poisson, gamma and beta densities.   
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2. Probabilistic Available Transfer Capability 

2.1 Introduction 

 In order to open access to electric power transmission networks and promote 

generation competition and customer choice, the Federal Energy Regulatory Commission 

requires that available transfer capability be made available on a publicly accessible Open 

Access Same-time Information System. ATC is defined as a measure of the transfer 

capability, or available “room” in the physical transmission network for transfers of 

power for further commercial activity, over and above already committed uses. 

 As an illustration, consider Figure 2.1 in which 1000 MW is transmitted from bus 

A1 to bus B1. If the line rating is 1500 MW and if no parallel paths exist from A to B, the 

ATC from A1 to B1 is 500 MW. 

Line Rating 
1500 MW 

 

A1 B1 

P = 1000 MW 

Figure 2.1 Illustration of ATC 

 

 Due to uncertainty in bus loading, the power flows within a power network also 

become uncertain.  By applying a statistical method of moments, the statistical moments 

of line power flows within a system can be found.  Although difficult to find analytically, 

the statistical moments of the line power flows can be found by applying a Monte Carlo 

simulation to an existing power flow algorithm with bus loads being pseudorandom. 
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The probabilistic approach to the determination of ATC analyzes market 

conditions in which future scenarios are tested in an auction process where load 

forecasting techniques can be applied.  The uncertainty of the future loads implies that 

the power flow is probabilistic. Thus, a stochastic load flow study.  The stochastic load 

flow study yields a series of statistical moments describing the behavior of the line power 

flows. This uncertain behavior of line power flows affects ATC and causes ATC to be 

probabilistic. The proposed algorithm described in this chapter is for the utilization of 

stochastic methods for ATC calculation and power marketing. Figure 2.2 shows the 

general concept. The Gram Charlier series is proposed as a statistical model of the ATC. 

 

Load 
Flow 
Studies 

ATC 
Calculation 

Gram 
Charlier 
Series 

Bus 
Load 
Data 

Marketing 
ATC 

 

Figure 2.2 The general concept of the proposed algorithm 

 

2.2 Statistical moments of line flows 

 The Monte Carlo power flow algorithm utilizes a method of multiple trials to 

obtain selected statistical results.  In stochastic power flow evaluations, the Monte Carlo 

method is useful for checking theoretical formula based results.  In this section, the 

statistical moments of line active power flows in a power system are considered.  

Consider Figure 2.2 as an example of the Monte Carlo method of finding the line flows 

and the statistical moments of those flows. 
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The idea behind the Monte Carlo power flow study is a large number of repeated 

trials of the Newton-Raphson power flow study. For each iteration of the Monte Carlo 

power flow study, a set of bus loads are pseudorandomly generated and analyzed in a 

Newton-Raphson power flow study. The result is a large number of line power flows, in 

which statistical data for the line power flows can now be found.  The line statistical raw 

moments are then calculated using the definition of finding sample raw moments,  

n

x
m

n

i

k
i

k
x

∑
== 1)( , 

(2.1)

where k is the moment order, and n is the number of samples and x i  is the datum in 

sample i. 

Newton Raphson
Load FLow

Random
Generation

Of Bus
Loads

Line Data

Line Power Flow
Calculation

n=0

n=n+1

If n = m

Calculate
Line Flow
Moments

m = number
of iterations

desired

Yes

No

 

Figure 2.3 Probabilistic power flow using the Monte Carlo method 
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Pseudorandomly generating bus loads for the Monte Carlo trials depends on the specific 

probability distribution that best characterizes the bus loads.  In most cases the 

probability density function of the bus loads are: 

• Non stationary (statistical moments vary with time) 

• Correlated among themselves 

• Complex  

• Not any recognized distribution. 

However, the normal uncorrelated density is commonly used as a “first cut” 

approximation [1-6]. Arbitrary probability densities can be accommodated by working 

with the statistical moments of the load active power demands. 

In order to find the statistical moments of line power flows in a stochastic load 

flow problem, the bus loads have to be represented by probabilistic models. If data for the 

bus loads are known, raw statistical moments are generated from the data using Equation 

2.1.  If bus data are not known, statistical moment generating functions available in [27] 

can generate statistical moments for a given probability density.  

Many different stochastic power flow algorithms exist as documented by [1-6,16].  

Their computational time compared to the Monte Carlo approach may be significantly 

less, but at the cost of complex mathematical structure. Figure 2.3 illustrates the 

stochastic load flow study process.  Inputs into the stochastic load flow study calculation 

are the bus load statistical moments and power system information (e.g., line impedances, 

PV bus information, transformer impedances, and shunt capacitor impedances). 
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Bus Load
Statistical

Data or
PDF

Power
System

Informaiton

Stochastic Load
Flow Calculation

Calculation of Bus
Load Moments

Transformation of
Bus Voltage

Magnitude and
Angle To Line
Power Flows  

Figure 2.4 Stochastic load flow study process 

2.3 ATC calculation 

 Increasing the transfer power increases the loading in the network. At some point 

operational or physical limits to various elements are reached which prevent further 

increase. The largest value of transfer that causes no limit violations is used to compute 

the Total Transfer Capability (TTC) and ATC. 

Within a particular system, for power transfers from bus A to bus B, a single 

transmission line will often become the limiting factor whenever determining the ATC. 

But double circuits, transformer limits, and similar transmission path limits may occur. 

These limits are affected by the power injections at both buses A and B. This effect can 

be found analytically by finding the distribution factors [16] of the lines and other 

components. In this chapter, “distribution factor” refers to the power transfer distribution 

factor for line i-j and bus k.  The distribution factor  is defined as kijDF ,

k

ij
kij S

S
DF

∂

∂
=, , 
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where ijS is the complex power flow in the line (or component) ij and  is the complex 

power injected into bus B.  To find : 

kS

kijDF ,

1. Find bus impedance matrix of the system referenced to a solidly grounded 

swing bus. 

2. 
*

,

)()(
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
=

ij

jkbusikbus
kij z

ZZ
DF  

                    where: 

                    ij is the transmission line from bus i to bus j 

                    k is the injected bus 

                     is the primitive impedance of line ij ijz

          is the bus impedance matrix referenced to the swing bus [16]. busZ

3. If k is the swing bus, the value for  is zero. busZ

The distribution factor  is used to approximate the change in line flow kijDF , ijS∆  

when there is a change in injected power kS∆ at bus k, 

kkijij SDFS ∆=∆ , . 

Because this approximation is linear and is approximately constant, the results of 

many bus injection changes

kijDF ,

ijS∆ can be found using superposition.  

ATC is defined by the NERC [9] as the Total Transfer Capability minus the 

Transmission Reliability Margin, Capacity Benefit Margin and existing power flows. 

ATC = TTC – TRM – CBM – Existing power flows (2.2)

where the Total Transfer Capability (TTC) is the total amount of power that can be sent 

from bus A to bus B within a power network in a reliable manner, the Transmission 
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Reliability Margin (TRM) is the amount of transmission transfer capability necessary to 

ensure network security under uncertainties, and the Capacity Benefit Margin (CBM) is 

the amount of TTC reserved by load serving entities to ensure access to generation from 

interconnected systems to meet generation reliability requirements.   

For purposes of this study, the TRM and CBM are ignored in the calculations, but 

can be easily implemented. Neglecting TRM and CBM reduces the computation of ATC 

to  

ATC = TTC – Existing power flows. (2.3)

A basic determination of TTC [13] is found using line ratings and distribution 

factors for injection at both buses  

kij

Rating
ij

ij DF
P

TTC
,

=  
 

(2.4)

where ij is the transmission line from bus i to bus j and k is the injected buses A and B. 

 The TTC has to be found for injections for each bus for which the transfer is 

made.  For electrically distant injection bus/transmission line pairs, the corresponding 

kijDF ,  maybe small.  At this point, note that  is a complex quantity. For a lossless 

system, is purely real. Considerable attention is given to active power flows, and in 

the subsequent discussion, only real are considered. This is not to imply that 

reactive power flow is unimportant, but rather, that an analysis of the role of reactive 

power flow in marketing active power is relegated to “future work”. 

kijDF ,

kijDF ,

kijDF ,

The ATC is the maximum amount of power that can be transferred between two 

buses considering the base case power flows.  Equation 2.3 gives a deterministic value 

for a given transfer, but modifications to the equation can result in a probabilistic 
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determination of the ATC. If the line ratings and line flows are known, the difference 

between the two is the additional power that can be sent.  Using distribution factors, the 

ATC between A and B, , is approximately BAATC −

⎪⎭

⎪
⎬
⎫−

⎪⎩

⎪
⎨
⎧ −

=−

Bij

Line
ij

Rating
ij

Aij

Line
ij

Rating
ijBA

DF
PP

DF
PP

ATC
,,

,min  
(2.5)

where ij is the transmission line from bus i to bus j, and A,B are the sending and  

receiving buses. Note that and are considered to be purely real for this 

simplified analysis. In actual applications, these distribution factors are complex. 

AijDF , BijDF ,

 The distribution factors for each line show the direction and percentage of line 

flows that result from injections at each bus. It is possible to find the distribution factors 

for the whole transfer by taking into account both the distribution factors of the sending 

and receiving bus. Since the receiving bus B of the transfer is actually a negative 

injection of active power, the distribution factors for the transfer are 

BijAij
BA

ij DFDFDF ,, −=− . (2.6)

This determination of the distribution factors yields a direct solution to the Monte Carlo 

simulated ATC of each transmission line, where the minimum value of ATC of the set of 

lines is the ATC for the whole transfer, 

BABA
ij

Line
ij

Rating
ij ATCDFPP −−+= )(  (2.7)

BA
BijAij

Line
ij

Rating
ij ATCDFDFPP −−+= )( ,,  (2.8)

{ })()(/().(min DFcolDFcolPPATC BA
LineRating

rows

BA −−=
∀

−  (2.9)
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where   is the scalar ATC from bus A to bus B; BAATC − )(min Λ
rows∀

 refers to the minimum 

entry of a vector argument over all rows (e.g., ); 1
3
2
1

min −=
⎟
⎟
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⎞

⎜
⎜
⎜

⎝

⎛−

∀ rows

RatingP  and LineP  are 

vectors of line ratings and line flows; “./” is the term by term division of two vectors 

(e.g.,  is ) ; 
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argument (e.g., ); and DF is the rectangular matrix of distribution 

factors,  
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The limiting transmission line can be found directly by using the first raw moments of the 

all the line power flows from Section 2.2. The  is evaluated using the statistical 

moments for each line. The row number for which the mean ATC is minimum is the 

limiting transmission element. This row number is denoted lse, 

BAATC →

 

{ }=−− ))()(/().( )1( DFcolDFcolmProw BA
Rating

lse  
                                                       { })()(/().(min )1( DFcolDFcolmP BA

Rating

rows
−−

∀
 

(2.10) 
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In (2.10),  is the mean of vector )1(m LineP , and )(Λlserow  is a scalar in the row lse of its 

vector argument (e.g., ).  Finding lse now yields a direct solution to the 

ATC, 

30

40
30
20
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3 =
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⎟
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⎟

⎠

⎞
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⎜
⎜
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⎝

⎛

row

BlseAlse

lse
Rating

lseBA

DFDF
mP

ATC
,,

)1(

−
−

=− . 
(2.11) 

2.4 Statistical moments of ATC 

From Equation (2.11), the ATC is a function of the line rating, distribution factors, 

and line power flows of a particular limiting line lse within a power system for power 

transfers between bus A and bus B.  In order to form a probabilistic evaluation of ATC, 

the deterministic expression in Equation (2.11) has to be recast in terms of statistical 

moments.  The only statistical data that is known for terms in Equation (2.11) are the 

statistical moments of the Gaussian distributed vector . Therefore ATC is only a 

linear transformation of . 

Line
lseP

Line
lseP

The computation of ATC is only a function of one random variable, therefore the 

statistical moments of ATC can easily be found from the statistical moments of . 

From Section 2.2, it is stated that the statistical data for line flows are often assumed to be 

Gaussian. For a given linear transformation, 

Line
lseP

Y = AX (2.12) 

let X be a Gaussian distributed vector with mean vector  and covariance matrixxM xΣ . 

The resulting mean and variance of Y are 
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XY AMM =  (2.13) 
t

XX AAΣ=Σ . (2.14) 
 To obtain ATC as a probabilistic quantity, Equation (2.11) is compared to the 

transformation in Equations (2.12-14).  Comparing Equations (2.11) and (2.12), the 

resulting variables for the Gaussian transformation are, 

X = -   Rating
lseP Line

lseP
 

)()1( XEmlse =  
 

)2(
lseX m=Σ  

 

(2.15) 

A = diag ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

− BlseAlse DFDF ,,

1  

 

(2.16)

Y =  BAATC − (2.17) 
  

where X is a vector of the difference of the line rating of line lse and pseudorandom 

variables of the real power flows for line lse,  A is a diagonal matrix,  is the 

construction  of a matrix of diagonal elements consistent with the dimension of X, (e.g. 

dimension of X =3, diag(1.1) = ), and Y is the vector of the transformed 

pseudorandom vector X.  

)(Λdiag

⎟
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001.1

The transformation of the Gaussian distributed variable  yields the mean and 

variance of the ATC, 

Line
lseP
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(2.19) 

where  is the distribution factor of line lse  with respect to injections at bus A, 

 is the distribution factor of line lse with respect to injections at bus B, and  is 

the order statistical moment of the power in line lse. 

AlseDF ,

BlseDF ,
)(L

lsem

thL

The mean and covariance of a vector fully determine the probability density of 

that vector if the vector is normally distributed.  If the vector is not normally distributed, 

higher order statistical moments may be needed.  Probability theory provides the well 

known fact that statistical moments do not, in general, describe a probability density 

function.  For practical, well-behaved densities, however, the statistical moments do 

describe the probability density function.  Since ATC is only a probabilistic function of 

the line power flow raw moments of line lse, the higher order raw become 

( )(

,,

)( 1 k
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k

BlseAlse

k
ATC m

DFDF
m ⎟

⎟
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⎞
⎜
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⎝

⎛

−
= ),   k>1. 

(2.20) 

2.5 Fitting of the Gram Charlier series 

The mean, variance, and other raw moments of an ATC transfer can be used to 

obtain an approximation of the probability density function.  If higher order statistical 

moments of the ATC are known, the Gram Charlier Type A series can yield an 

approximate probability density function of the ATC.  The subroutine written in Matlab 

is shown in Appendix A. 

The Gram Charlier Type A series is a standard frequency function, denoted as 

f(x), with the mean 0=GCµ  and standard deviation  expanded in a series of 

derivatives of the normal (Gaussian) function  

12 =GCσ
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The derivatives of Equation (2.23) result in a Taylor series representation, as shown in 

[27]. This Taylor series is the Gram Charlier Type A series  

∑
∞
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j

jj xGxHcxf  
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where  are constants based on a function of standardized moments,  are Hermite 

polynomials, and G(x) is the characteristic Gaussian function. The first five Hermite 

polynomials are 
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where x is a scalar. For l greater than 1 the Hermite polynomials are, 
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where 
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⎛
,  t  = 

2
1+l    for odd l and t = 

2
2+l    for even l. 

The constant  in the Gram Charlier Type A series is found using standardized 

moments, 

jc
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For central moments, the first five values for  become nc
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Using the Hermite polynomials, , and Gram Charlier constants, ,  a 

formal expression of f(x) is 
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Since f(x) is found using a standard form of 0=GCµ  and , f(x) needs to be 

transformed into a function f(y) so that the representing density function for ATC has a 

12 =GCσ

ATCGC µµ =  and . The standardizing equation used for the Gram Charlier 

Type A series is 

22
ATCGC σσ =

ATC

ATCy
x

σ
µ−

= , 
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where x are the standardized variables of the ATC, y are the real variables of the ATC, 

ATCµ  is the mean of the ATC, and ATCσ  is the standard deviation of the ATC.  The new 

Gaussian function now becomes,  
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(2.26) 

The resulting probability density function f(y) is the actual distribution of ATC 
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In power marketing, the ATC has a commercial value and is termed “the price of 

ATC” for this report.  Once the probability density function f(y) is known for the ATC, 

the price of the transfer can be evaluated using f(y) and a price function . The 

quantity  represents the price of the power in $/MW for current market conditions.  

The reader is cautioned to note that Pr   refers to price, not probability.  But   is 

a random variable in this probabilistic formulation. An engineer may want to know the 

expected price for a future transfer and this price is determined by 

ATCPr

ATCPr

ATC ATCPr

ATCATCATC xydxyFxpE µσ +== ∫
∞

∞−

,)()(][Pr . 
(2.28) 

2.6 Summary of the proposed algorithm 

 Figure 2.3 illustrates the algorithm used to determine stochastic ATC. A Monte 

Carlo power flow algorithm solves the line power flow variables.  The resulting variables 

are a set of line flows for a large number of cases. For example, if there are 10 power 

lines within a system, and 1000 different Monte Carlo power flow studies are done, there 

are 1000 different sets of line power flows for each of the 10 lines.  The mean of the real 
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power of each line is found and used to find the limiting line of a power transfer from bus 

A to bus B.  The limiting line is the line used to evaluate the problem. 

 The stochastic ATC problem uses the set of line power flow variables to form a 

set of line power flow statistical moments. The limiting line power flow statistical 

moments are then transformed into the ATC for a transfer from bus A to bus B.  The 

ATC statistical moments are then used to find the Gram Charlier Type A series.  Plots of 

the Gram Charlier series can be formed to see the probability distribution of the ATC. 

The Gram Charlier series can also be used, in conjunction with a price function, to find 

the expected price of the transfer.   
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Figure 2.5 Probabilistic ATC determination using stochastic analysis and Monte Carlo 

methods 

 

 

 

 28



 

3. Stochastic Available Transfer Capability Calculations 

3.1 Description of the test beds and examples 

 In this chapter, illustrations of stochastic ATC are given.  For this purpose, two 

test bed systems are used: a 4 bus system, and a 14 bus system.  Both test beds are 

intended to give an understanding of how the stochastic ATC problem is formed and 

determined.  The 4 bus test bed is a small system which represents a minimum number of 

elements in a power system and is only used as a quick and simple illustration of the 

stochastic ATC problem.   The 14 bus test bed analyzes the approach for a larger power 

system which includes additional elements: transformers, synchronous condensers, and 

multiple generators. Appendix C lists all the examples and their corresponding 

conditions. 

3.2 The 4 bus test bed and examples  

The 4 bus test bed is a small power system which contains 5 lines as shown in 

Figure 3.1.  The test bed is used as a simple illustration of the stochastic ATC problem.  

Examples which contain the 4 bus test bed are shown in Appendix C. As commonly used 

in stochastic load flow examples, the active power loads are represented by normally 

distributed pseudorandom variables. In the examples, the bus demands are considered to 

be uncorrelated.  Two techniques will be illustrated as examples of the calculation of 

ATC.  The first is Monte Carlo based and this example is denominated as Example 4MC.  

The second method is a stochastic analysis, and this example is denominated as Example 

4S.  For Examples 4MC and 4S, the bus loads are considered to be normally distributed 

with statistics shown in Table 3.1.  Note that reactive power is neglected. 

 29



 

 
Bus 3 

Bus 1 
Bus 2

Line 3  
R = 0.001 p.u. 
X = 0.01 p.u. 
Rating = 70 MW 

Line 4  
R = 0.002 p.u. 
X = 0.005 p.u. 
Rating = 100 
MW 

Line 2  
R = 0.002 p.u. 
X = 0.02 p.u. 
Rating = 50 MW

Line 1, R = 0.001 p.u., X = 0.01 p.u. 
Rating = 100 MW. 

P3
P4 

P2 

Bus 4
Line 5, R = 0.002 p.u., X = 0.01 p.u. 

Rating = 40 MW Base = 100MW 

Figure 3.1 The 4 bus test bed, Examples 4MC and 4S 
 
 

Table 3.1 The 4 bus test bed bus data in Examples 4MC and 4S 
 

Demand Mean (MW) Variance 
(MW ) 2

P2 10 1 
P3 20 4 
P4 10 1 

 
 
Section 3.4 contains Examples 4S and 4MC. The examples compare the 

stochastic analysis (S) and Monte Carlo (MC) approaches to the stochastic ATC problem.  

This comparison is done for active power transfers between each bus pairs of the system.  

The agreement between the two approaches is shown for the 4 bus system. This 

agreement as well as other testing not shown here, suggests that it is possible to use the 

stochastic analysis method in further examples. 

In Example 4MC, shown as the left hand portion of Figure 3.2, the statistical 

moments of ATC are calculated using the Monte Carlo method.  The output of the Monte 
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Carlo simulated load flow study, for this example, is a matrix of line power flows in 

which the rows represent each line in the system, and the columns represent the trial 

number; 1000 trials are used. Once the ATC is calculated for each trial, the statistical 

moments of ATC are then determined.  The Gram Charlier series is formed using the first 

five statistical moments and then plotted to show the probability density function of the 

ATC. 

In Example 4S, shown as the right hand portion of Figure 3.2, the output of the 

Monte Carlo simulated load flow study is the statistical moments of the line power flows.  

The stochastic analysis method is then used to calculate the statistical moments of ATC. 

The Gram Charlier series is found using the five statistical moments and then plotted to 

show the probability density function of the ATC. 

Using the resulting probability density functions for each transfer from Example 

4S, Section 3.5 shows the results of the expected price for each transfer. The comparison 

is done using two example price functions are  and  4
1Pr −ATC

4
2Pr −ATC

MWxxATC /$100)(Pr 4
1 =−  (3.1)

./$100)(Pr 24
2 MWxxxATC +=−  (3.2)

 

The superscript ‘4’ in (3.1) and (3.20 refer to the bus system in Example 4S.  The 

subscripts 1 and 2 refer to pricing scenarios 1 and 2.  For both cases, the probability 

density functions used are the resulting Gram Charlier Type A series from the stochastic 

analysis method. 
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Calculate ATC 
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representation 
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representation 

Probability density function of ATC Probability density function of ATC

 

Figure 3.2 Two solution approaches for the 4 bus example 
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3.3 The 14 bus test bed and examples  

The 14 bus test bed [37] consists of 20 power lines as shown in Figure 3.3.  The 

system data are shown in Table 3.2. Examples which contain the 14 bus test bed are 

shown in Appendix C.  This system is a representation consisting of transformers, 

synchronous condensers and complex power loads. All bus loads are once again 

represented by normally distributed pseudorandom variables with means and variances 

given in Table 3.3. The ATC calculation for this system is illustrated by stochastic 

analysis. The example offered is denominated as 14S. 

Table 3.2 The 14 bus test bed system data * 
 

Line 
No. 

Between 
buses 

R  
(p.u.) 

X  
( p.u.) 

Line charging susceptance in 
per unit 

Tap 
setting 

Rating 
(MW) 

1 1 2 0.01938 0.05917 0.0528 0 200 
2 1 5 0.05403 0.22304 0.0492 0 110 
3 2 3 0.04699 0.19797 0.0438 0 110 
4 2 4 0.05811 0.17632 0.034 0 80 
5 2 5 0.05695 0.17388 0.0346 0 70 
6 3 4 0.06701 0.17103 0.0128 0 50 
7 4 5 0.01335 0.04211 0 0 100 
8 4 7 0 0.20912 0 0.978 50 
9 4 9 0 0.55618 0 0.969 50 
10 5 6 0 0.25202 0 0.932 70 
11 6 11 0.09498 0.1989 0 0 30 
12 6 12 0.12291 0.25581 0 0 30 
13 6 13 0.06615 0.13027 0 0 50 
14 7 8 0 0.17615 0 0 60 
15 7 9 0 0.11001 0 0 60 
16 9 10 0.03181 0.0845 0 0 50 
17 9 14 0.12711 0.27038 0 0 50 
18 10 11 0.08205 0.19207 0 0 50 
19 12 13 0.22092 0.19988 0 0 50 
20 13 14 0.17093 0.34802 0 0 50 

* On a 100 MVA base 
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Table 3.3 The14 bus test bed bus data 
 

Active Power 
Reactive 
Power 

  
Bus 

Mean 
(MW) 

Variance 
(MW ) 2

Fixed Q 
(MVAr) 

  
Generation 

(MW) 
1 22 2.2 0 - 
2 94 9.4 12.7 40 
3 48 4.8 19 0 
4 8 0.8 -3.9 0 
5 12 1.2 1.6 0 
6 30 3 7.5 0 
7 0 0 0 0 
8 0 0 0 0 
9 9 0.9 16.6 0 
10 0 0 5.8 0 
11 3.5 0.35 1.8 0 
12 6 0.6 1.6 0 
13 14 1.4 5.8 0 
14 15 1.5 5 0 
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Figure 3.3 The 14 bus test bed (taken directly from [37]) 

 
 

Section 3.6 contains Example 14S in which the 14 bus power system is analyzed 

using the stochastic analysis method.  Figure 3.4 illustrates the process of finding the 

statistical moments and the Gram Charlier series of the ATC. The resulting Gram 

Charlier series is used to calculate the expected price using the price function 

MWxxATC /$100)(Pr14 =  (3.1)

and also plotted showing the probability density function of the ATC.  Six different bus 

pair cases are chosen to illustrate the stochastic ATC. All the cases are compared to two 

different line outage cases illustrated in Chapter 4. 
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Figure 3.4 The solution of the 14 bus example 
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3.4 Illustration of the stochastic and Monte Carlo load flow agreement. 

 Using the 4 bus test bed, a stochastic and Monte Carlo simulated ATC analysis of 

the system using Matlab will illustrate the agreement of both methods. Even though the 

Monte Carlo method is an “exact” process of finding the ATC, the computation time for 

the method is quite large while the stochastic determination of ATC reduces the 

computation time significantly.  The Gram Charlier Type A series appears to be 

accurately represented using the first 5 statistical moments for each transfer and resulting 

in a probability of 1.000 when the series is integrated from ∞−  to ∞ .  Figures 3.3-3.14 

show plots of the probability density functions for the transfer between each bus pair of 

the system. 

Data from Table 3.4 show the difference between the statistical moments of the 

 calculated by two different methods, namely the purely Monte Carlo method and 

secondly by a stochastic analytical technique.  In the case of the latter, the analytical 

technique employs a calculation using a Gram Charlier series expression for f(x) in  

ijATC

where k is the moment order and f (x) is the probability density function represented by 

the Gram Charlier Type A series.  As shown in Table 3.4, the differences of the first five 

statistical moments between the Monte Carlo method and stochastic analytical technique 

have small error. Figures 3.4 – 3.15 show the agreement of the probability density 

functions. 

∫
∞

∞−

= dxxfxm kk
ATC )()( , 

 

(3.1)
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Table 3.4 First five statistical moments of all ATC transfers (ATC in MW) in Examples 
4MC and 4S 

 
Transfer Monte Carlo Statistical moments 

Sending Receiving 1 2 3 4 5 
1 2 138.7722 1.93E+04 2.67E+06 3.71E+08 5.15E+10
1 3 46.995 2.22E+03 1.05E+05 4.98E+06 2.37E+08
1 4 90.4381 8.20E+03 7.46E+05 6.81E+07 6.23E+09
2 3 63.2527 4.01E+03 2.56E+05 1.63E+07 1.05E+09
2 4 154.4192 2.38E+04 3.68E+06 5.69E+08 8.78E+10
3 4 69.0065 4.76E+03 3.29E+05 2.27E+07 1.57E+09

       
Transfer Stochastic Statistical moments 

Sending Receiving 1 2 3 4 5 
1 2 138.7554 1.93E+04 2.67E+06 3.71E+08 5.15E+10
1 3 47.0289 2.22E+03 1.05E+05 4.99E+06 2.38E+08
1 4 90.7325 8.26E+03 7.55E+05 6.93E+07 6.38E+09
2 3 63.3939 4.03E+03 2.57E+05 1.65E+07 1.06E+09
2 4 154.469 2.39E+04 3.69E+06 5.69E+08 8.80E+10
3 4 68.9285 4.75E+03 3.28E+05 2.26E+07 1.56E+09
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Figure 3.5 PDF of the ATC transfer from 1 to 2 in Example 4MC 

 
Figure 3.6 PDF of the ATC transfer from 1 to 2 in Example 4S 
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Figure 3.7 PDF of the ATC transfer from 1 to 3 in Example 4MC 

 
 

Figure 3.8 PDF of the ATC transfer from 1 to 3 in Example 4S 
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Figure 3.9 PDF of the ATC transfer from 1 to 4 in Example 4MC 

 
 

Figure 3.10 PDF of the ATC transfer from 1 to 4 in Example 4S 
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Figure 3.11 PDF of the ATC transfer from 2 to 3 in Example 4MC 

 
Figure 3.12 PDF of the ATC transfer from 2 to 3 in Example 4S 
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Figure 3.13 PDF of the ATC transfer from 2 to 4 in Example 4MC 

 
Figure 3.14 PDF of the ATC transfer from 2 to 4 in Example 4S 

 43



 

  
Figure 3.15 PDF of the ATC transfer from 3 to 4 in Example 4MC 

 
Figure 3.16 PDF of the ATC transfer from 3 to 4 in Example 4S 
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3.5 Expected price of transfer 

 For each of the transfers shown in Section 3.2, two different price functions from 

Equations (3.1) and (3.2) are used to illustrate the price of the transfer.  The Gram 

Charlier Series Type A representation of the probability density for each transfer from the 

stochastic method, f(x), is used in the determination the expected value of the price.  The 

expected price is found by 

∫
∞

∞−

= dxxfxE ATCATC )()(Pr][Pr . 
(3.3)

 
In Table 3.5, the data for the expected price for all the cases are shown which are 

amounts of money that can be generated for each transfer. The two columns at the right 

in Table 3.5 correspond to the two ATC prices given in (3.1) and (3.2). 

 

Table 3.5 Expected price of ATC in Example 4S for two price Equations (3.1), (3.2) 

Transfer 
Sending Receiving

][Pr 4
1−ATCE

($) 
][Pr 4

1−ATCE
($) 

1 2 1.39E+04 3.31E+04
1 3 4.70E+03 6.92E+03
1 4 9.05E+03 1.73E+04
2 3 6.33E+03 1.03E+04
2 4 1.54E+04 3.93E+04
3 4 6.90E+03 1.17E+04

 

3.6 Example 14S 

 This section shows results of the stochastic ATC analysis in the 14 bus test bed. 

Since the test bed has 20 different power lines and devices, only 6 exemplary transfers 

are analyzed as shown in Table 3.6 
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Table 3.6 Transfers used for Example 14S 

Transfer 
Sending 

Bus 
Receiving 

Bus 
3 6 
2 9 
3 13 
1 13 
2 14 
1 3 

 
  

For each of the power transfers in Table 3.6, first five statistical moments of the 

ATC and the expected price are determined and shown in Table 3.7.  Figures 

3.15-3.19 show the probability density functions for each transfer formed using the Gram 

Charlier Type A series.  

][Pr14
ATCE

 

 

Table 3.7 Statistical moments and expected prices for given transfers for Example 14S 
 

Transfer Statistical moments of the ATC* 
Sending 

bus 
Receiving 

bus 1 2 3 4 5 
][Pr14

ATCE  
($) 

3 6 38.3338 7.45E+03 1.85E+05 1.62E+08 3.78E+09 3.83E+03
2 9 46.0474 1.28E+04 2.52E+05 5.14E+08 2.82E+10 4.60E+03
3 13 41.9471 6.80E+03 2.91E+05 1.23E+08 2.28E+09 4.19E+03
1 13 4.07E+01 7.59E+03 2.37E+05 1.62E+08 2.03E+09 4.07E+03
2 14 58.0429 1.91E+04 6.06E+05 1.13E+09 5.98E+10 5.80E+03
1 3 52.7573 9.45E+03 5.32E+05 2.18E+08 6.72E+09 5.28E+03

* ATC given in MW 
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Figure 3.17 PDF of the ATC transfer from 3 to 6 in Example 14S 

 
Figure 3.18 PDF of the ATC transfer from 2 to 9 in Example 14S 
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Figure 3.19 PDF of the ATC transfer from 3 to 13 in Example 14S 

 
Figure 3.20 PDF of the ATC transfer from 1 to 13 in Example 14S 
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Figure 3.21 PDF of the ATC transfer from 2 to 14 in Example 14S 

 
Figure 3.22 PDF of the ATC transfer from 1 to 3 in Example 14S 

 

 49



 

3.7 Concluding remark 

 The three examples shown in this chapter result in expected price of ATC.  Tables 

3.5 and 3.7 are these expectations.  A comparison of the methods and general conclusion 

appear in Chapter 5. 
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4. The Effect of Transmission Line Outages on the Stochastic ATC 
Problem 

 
4.1 Formulation of examples to illustrate line outage effects 
 
 In a power system, line maintenance can impact ATC.  These scheduled outages 

can cause the ATC for a given transfer to change significantly.  Forced outages have a 

more deleterious effect in that unplanned changes in the ATC can result in unexpected 

operating problems.  For the examples in this chapter, the stochastic ATC is found for the 

line outage case only, but is then compared to the stochastic ATC is when no line outages 

exist in the system. 

For the line outage cases in this chapter, the 14 bus test bed is used as described in 

Chapter 3. The first example, denominated as Example 14S2-4, evaluates the stochastic 

ATC of the 14 bus system with the line between bus 2 and bus 4 being a scheduled 

outage. The notation 14Sr-s refers to the line outage r-s. Three different ATC transfers 

from the stochastic ATC examples that are shown in Chapter 3, namely Example 14S, are 

compared to the same three transfers for Example 14S2-4 and are shown in Table 4.1. 

Table 4.1 Lines used for the determination of the stochastic ATC in Example 14S2-4 

Line 
From To 

3 6 
2 9 
3 13 

 
The second example, denominated as Example 14S6-13, evaluates the stochastic 

ATC of the 14 bus system with the line between bus 6 and bus 13 being a scheduled 

outage.  Three different ATC transfers that are shown in Chapter 3, Example 14S, are 

compared to the same three transfers for Example 14S6-13 and are shown in Table 4.2. 
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Table 4.2 Lines used for the determination of the stochastic ATC in Example 14S6-13 

Line 
From To 

1 13 
2 14 
1 3 

  
 For both examples, the resulting probability density function plots, first five 

statistical raw moments and expected prices using the price function  

MWxxPATC /$100)(14 =  (4.1)

are shown.  The differences between the mean of the transfers and the expected price of 

the transfer are also shown. The differences indicate the impact that line outages have on 

the values of stochastic ATC. 

4.2 Example 14S2-4 

 This example illustrates the stochastic ATC for a scheduled line outage for the 

line from bus 2 to bus 4.  The algorithm used for Example 14S2-4 is the same as the 

illustration in Figure 3.4.  The resulting statistical moments and expected price with the 

line from bus 2 to bus 4 out of service as well as the line in service are shown in Table 

4.3.  From Table 4.3 it can be seen that having a line out service will affect the ATC 

significantly for transfers that involve line 2-4.  The differences between the mean of the 

ATC (i.e. the first moment) and the expected price of the ATC are shown in Table 4.4.  

Figures 4.1-3 show the probability density functions of the ATC with line 2-4 out of 

service. 
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Table 4.3 Statistical moments and expected price for all transmission lines online and line 
2-4 out of service in Example 14S2-4 

 

Transfer Statistical moments of the ATC with line 2-4 in service* 

Sending Receiving 
)1(

ATCm  )2(
ATCm  )3(

ATCm  )4(
ATCm  )5(

ATCm  
][ 14

ATCPE  
($) 

1 13 4.07E+01 7.59E+03 -2.37E+05 1.62E+08 -2.03E+09 4.07E+03 
2 14 58.0429 1.91E+04 -6.06E+05 1.13E+09 -5.98E+10 5.80E+03 
1 3 52.7573 9.45E+03 -5.32E+05 2.18E+08 -6.72E+09 5.28E+03 

Transfer Statistical moments of the ATC with line 2-4 out of service* 

Sending Receiving 
)1(

42−ATCm  )2(
42−ATCm  )3(

42−ATCm  )4(
42−ATCm  )5(

42−ATCm  
][ 14

42−ATCPE  
($) 

1 13 9.22E+00 2.87E+04 -4.63E+05 3.34E+09 5.52E+10 9.22E+02
2 14 8.8002 1.60E+04 -2.36E+05 1.02E+09 -1.92E+09 8.80E+02
1 3 23.2916 1.74E+05 -9.52E+06 1.20E+11 5.14E+11 2.33E+03

*ATC in MW 
 
 
 

Table 4.4 Differences of the mean ATC calculated with line 2-4 in service and out of 
service and the expected price of the ATC calculated with line 2-4 in service and out of 

service in Example 14S2-4 
 

Transfer 

Sending Receiving 

  
)1()1(

42 ATCATC mm −−  
(MW) 

  
 

][][ 1414
42 ATCATC PEPE −−  
($) 

1 13 -31.477 -3147.702 

2 14 -49.2427 -4919.9811 

1 3 -29.4657 -2950.8 
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Figure 4.1 PDF of the ATC in line 1-13 in Example14S2-4 

 
Figure 4.2 PDF of the ATC in line 2-14 in Example14S2-4 
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Figure 4.3 PDF of the ATC in line 1-3 in Example14S2-4 

 
4.3 Example 14S6-13 
 
 This example illustrates the ATC for a scheduled line outage for the line from bus 

6 to bus 14.  The algorithm used for Example 14S6-13 is the same as the illustration in 

Figure 3.4.  The resulting statistical moments and expected price with the line from bus 6 

to bus 13 out of service as well as the line in service are shown in Table 4.5. From Table 

4.6 it can be seen that having a line out service will affect the ATC for transfers that 

involve line 6-13.  The differences between the mean of the ATC (i.e. the first moment) 

and the expected price of the ATC are shown in Table 4.6.  Figures 5.4-6 show the 

probability density functions of the ATC with line 6-13 out of service. 
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Table 4.5 Statistical moments and expected price for all transmission lines online and line 
6-13 out of service in Example 14S6-13 

 

Transfer Statistical moments of the ATC with line 6-13 in service* 

Sending Receiving 
)1(

ATCm  )2(
ATCm  )3(

ATCm  )4(
ATCm  )5(

ATCm  
][ 14

ATCPE  
($) 

3 6 38.3338 7.45E+03 -1.85E+05 1.62E+08 -3.78E+09 3.83E+03
2 9 46.0474 1.28E+04 -2.52E+05 5.14E+08 -2.82E+10 4.60E+03
3 13 41.9471 6.80E+03 -2.91E+05 1.23E+08 -2.28E+09 4.19E+03

Transfer Statistical moments of the ATC with line 6-13 out of service* 

Sending Receiving 
)1(

136−ATCm  )2(
136−ATCm  )3(

136−ATCm  )4(
136−ATCm  )5(

136−ATCm  
][ 14

136−ATCPE  
($) 

3 6 40.8527 7.85E+03 3.07E+05 1.75E+08 1.70E+09 4.09E+03
2 9 40.3125 1.22E+04 2.56E+05 4.82E+08 -1.90E+10 4.03E+03
3 13 26.211 2.00E+04 -1.11E+06 1.65E+09 -3.05E+11 2.62E+03

*ATC in MW 
 
 
 
 

Table 4.6 Differences of the mean ATC calculated with line 6-13 in service and out of 
service and the expected price of the ATC calculated with line 6-13 in service and out of 

service in Example 14S6-13 
 

Transfer 

Sending Receiving 

  
)1()1(

136 ATCATC mm −−  
(MW) 

  
 

][][ 1414
136 ATCATC PEPE −−  
($) 

3 6 2.5189 255.3 
2 9 -5.7349 -568.8 
3 13 -15.7361 -1568.9 
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Figure 4.4 PDF of the ATC in line 3-6 in Example14S6-13 

 

 
Figure 4.5 PDF of the ATC in line 2-9 in Example14S6-13 
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Figure 4.6 PDF of the ATC in line 3-13 in Example14S6-13 

 
4.4 Concluding remark 

 The two examples shown in this chapter result in differences between the mean 

and expected price of the ATC. Tables 4.4 and 4.6 are these differences. Conclusions 

drawn from having a line outage in the sample 14 bus system appear in Chapter 5. 

 Appendix B contains two extra line outage cases which have similar results in the 

differences between the mean and expected price of the ATC. 
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5. Conclusions Drawn From The Examples 

5.1 Conclusions from Examples 4S, 4MC and 14S 

 Examples 4S and 4MC show an agreement between the Monte Carlo and 

stochastic analysis methods for evaluating the stochastic ATC for a small power system. 

The raw statistical moments of the ATC as calculated using the Monte Carlo method 

versus the stochastic analytical method have small differences (e.g., much less than 1%).  

Also, the expected price of the ATC shows small differences.  The main reason for the 

difference between the two examples 4S and 4MC is the determination of the element in 

the power system which limits the power transfer.  Since the Monte Carlo method is an 

iterative approach (i.e., multiple trials) with a fixed number of samples, the element that 

limits the ATC is determined for each case. This results in the possibility of multiple 

limiting elements.  The stochastic analytical method identifies a unique limiting 

transmission element.  Since only one limiting transmission element is determined in the 

stochastic analysis, slight deviations in the mean and the expected price of the ATC 

occur. 

 Example 14S replicates the main conclusions for the four bus system listed above.  

Tests indicate that the Monte Carlo method to obtain line flow statistics results in 

execution time that increases linearly with increasing .  Tests also indicate that the 

stochastic analytical method to obtain line flow statistics results in execution time 

increases linearly with increasing .  Fore the relatively simple tests done, the Monte 

Carlo tests were about 5 times more lengthy than the stochastic analytical tests. It is 

conjectured that stochastic low flow study methods could be used to find line loading 

busN

busN
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statistics. Table 5.1 shows the computation times of stochastic load flow studies using the 

Monte Carlo and stochastic analytical method for the 4 and 14 bus system. 

 

 

Table 5.1 Computation times for the Monte Carlo and stochastic analysis methods in 
 Examples 4S, 4MC and 14S 

System 

Computation time using 
Monte Carlo method 

(s) 

Computation time using 
 stochastic analysis method  

(s) 
4-bus 11.51 5.48 
14-bus 63.39 8.91 

 

 

 

5.2 Conclusions from the line outage Examples 14S2-4, 14S6-13 

Examples 14S2-4 and 14S6-13 show that for line outages with lines 2-4 and 6-13 out of 

service, the stochastic analytical method of solving the ATC results in noticeable 

differences between the statistical moments of the ATC and expected price of the 

transfer.  The line outage Examples 14Sl-m indicate that a line outage results in the 

change of ATC price.  The observations are that for some outages, ATC price increases, 

and for others, ATC price decreases.  Example 14S2-4 illustrates that if a line is taken out 

of service, the expected price of the ATC decreases. Table 5.2 shows that for the line 

outage in Example 14S2-4, the limiting element that is connected between two buses 

differs between the “all lines in” and the line outage case. Analyzing Table 5.1, it is 

shown that for each case specified, the limiting element for each ATC transfer differs 

depending on whenever line 2-4 is in or out of service. 
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Table 5.2 Differences between the limiting elements in Example 14S2-4 

All lines in service 
Transfer Limiting Element 

Sending Receiving Bus No. Bus No. 
1 13 5 6 
2 14 4 7 
1 3 1 2 

Line 2-4 out of service 
Transfer Limiting Element 

Sending Receiving Bus No. Bus No. 
1 13 2 5 
2 14 2 5 
1 3 2 5 

 

 

Table 5.3 Differences between the limiting elements in Example 14S6-13 

All lines in service 
Transfer Limiting Element 

Sending Receiving Bus No. Bus No. 
3 6 5 6 
2 9 4 7 
3 13 5 6 

Line 6-13 out of service 
Transfer Limiting Element 

Sending Receiving Bus No. Bus No. 
3 6 5 6 
2 9 4 7 
3 13 6 12 

 

 

 

 

 

 61



 

Since the topology of the system changes with line 2-4 out of service, the line 

flows will change.  In Example 14S2-4, the line flows are higher for the limiting 

transmission elements (which are listed in Table 5.2). Therefore, the higher line flows can 

result in a smaller ATC value (e.g., if the higher loading occurs in a limiting transmission 

system element).  For each of the transfers, the mean and expected price also shows a 

decrease of ATC.  This can be expected for most transfers whenever a line outage occurs, 

but occasionally transfers can yield higher ATC values. 

 Example 14S6-13 illustrates that for one of the selected line outages (namely 6-13 

outaged), the mean and expected price of stochastic ATC can rise.  When line 6-13 is 

taken out of service, the transfer from bus 3 to bus 6 has a higher value for the expected 

price and mean.  Table 5.3 shows that for the line outage in Example 14S6-13, the 

limiting element that is connected between two buses differs between the transfers of the 

non line outage case and the line outage case. For transfers between 2-9 and 3-13, the 

ATC decreases, but in transfer 3-6, the ATC increases.   

The increase of ATC for transfer 3-6 can be attributed to a few different causes.  

Analyzing the topology of the system in Figure 5.3, the system can be divided into two 

sections separated by transformers connected between buses 5 and 6 and buses 4 and 9.  

Section 1 from Figure 5.3 carries all the system generation; therefore all the loads 

supplied in Section 2 are supplied from Section 1 through the two transformers.  For the 

ATC between buses 3 and 6, the limiting element with or without line 6-13 in service is 

the transformer between buses 5 and 6.  Since the limiting element for the transfer does 

not change, the increase of ATC 3-6 is attributed to a decrease in active power (in line 5-

6), a decrease of the distribution factor )( 6,653,65 −− − DFDF , or both.  Table 5.3 shows the 
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active power and distribution factors for the transformer connected between buses 5 and 

6 with line 6-13 in and out of service.  In Table 5.4, the change in the distribution factor 

is small. Therefore it can be concluded that the rise of ATC for the transfer between bus 3 

and 6 with a line outage between buses 6 and 13 is due to a decrease of active power in 

the transformer connected between buses 5 and 6. 

Admittedly, the forgoing conclusions are example specific. Figure 5.2 is an 

attempt to depict generic results in the line outage case. 

 

 

 

 

Table 5.4 Mean of the ATC and distribution factors for line 5-6 when line 6-13 is in and 
out of service in Example 14S6-13 

 

Line 6-13 
Mean of the active power between buses 5 

and 6 (MW) 
Distribution 

Factor 
In service 45.041 0.66 

Out of service 43.0497 0.67 
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Figure 5.1 The 14 bus test bed 
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Figure 5.2 General results of a line outage case 
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6. Conclusions and Future Work 

 
6.1 Original research   
 

In this report, several innovative concepts are offered for ATC marketing utilizing 

stochastic methods. The main elements of innovative research are: 

• Recognition of the ATC problem as stochastic 

• Application of stochastic load flow to ATC 

• Effects of line outages on the ATC 

• Applications of probabilistic methods to marketing. 

The secondary contributions are: 

• New application of the Gram Charlier series 

• The use of Monte Carlo methods to validate Gram Charlier series models 

• An illustration of a calculation method to find the expected value of ATC. 

6.2 Conclusions 

 Power marketers have the option to trade power within a network using the ATC.  

Since line power flows are an important part of the evaluation of ATC, a stochastic power 

flow problem can be used to find the probabilistic behavior of ATC.  If bus load models 

can be statistically approximated using existing data, line flows can be found 

probabilistically resulting in multiple statistical moments for each line flow as well as a 

probability density function for each line. 

Evaluating a stochastic ATC problem using a stochastic analysis method, as 

opposed to a Monte Carlo method, decreases the computational time to evaluate the 

stochastic ATC.  The decrease in computational time can result in a more efficient 
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method of evaluating the stochastic ATC as well as offering power marketers fast 

determination of the expected price of ATC for any given transfer. 

Line outages within a network will generally change the ATC problem, which 

results in changes in the expected price of the ATC.  Line outage cases of the stochastic 

ATC problem show that the mean and price of the ATC can change significantly.  This 

also applies to transmission expansion of the system. Coupling future power market price 

with transmission expansion, the stochastic ATC problem has the potential to justify 

future transmission expansion projects.  

6.3 Recommendations  

 Stochastic ATC can be useful in power marketing applications and it is 

conjectured that power marketing can benefit from improved statistical analysis of ATC.  

The evaluation shown in this report is only the basis for many different research topics 

that can be studied to improve stochastic ATC. 

 In both Chapters 3 and 4, reactive power and bus voltage magnitude have no 

limits modeled.  In actual power systems, these limits can have an impact on line active 

power flows, possibly resulting in different probabilistic model of the ATC. It is 

recommended to model VQ −  limits in ATC calculation. 

 In stochastic load flow studies, bus data probabilistic, and load statistics are 

sometimes assumed to be Gaussian.  Bus load statistical moments resulting from 

stochastic load flow studies are used in the stochastic ACT problem.  It is recommended 

to examine non-Gaussian statistical models, including models that are tabular rather than 

formula based. There may be benefits attainable from more complex statistical models. 
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 In most studies done using statistical analysis, is it useful to calculate confidence 

intervals.  It is conjectured that power marketing may benefit not only from the expected 

ATC evaluation, but also from an evaluation of the confidence intervals of the 

calculation.  Confidence interval calculations from the stochastic ATC problem can 

benefit from further research.  For example, a buyer wants to contract 250 MW of the 

.  Let the range  MW be attained with probability 

(0.9).  Then the 90% confidence interval for the  is (240,260) MW. The 

contract price could be negotiated depending on the range of the confidence interval.  The 

recommendation is to calculate confidence intervals in this application.  

SouthNorthATC − 260240 ≤≤ −SouthNorthATC

SouthNorthATC −

 There is a considerable focus in industry on a cost-to-benefit ratio of adding new 

transmission or upgrading transmission on limiting rights of way.  Since the stochastic 

ATC problem is formulated using limiting transmission elements, the ATC can have an 

impact on the cost-to-benefit ratio. For example, the ATC transfer in Example 14S from 

bus 3 to bus 6 has an expected ATC value of 38.73 MW, with the limiting element 5-6.  

If the rating of the limiting element 5-6 is raised by 25% and the ATC is recalculated, the 

expected value of ATC rises to 64.99 MW.  The recommendation is to incorporate the 

stochastic ATC problem into a cost-to-benefit ratio of adding new transmission or 

upgrading transmission on limiting rights of way. 

 Artificial Neural Networks (ANNs) have been applied to a large number of 

problems in engineering in general and in power systems.  One of the interesting aspects 

of ANNs is the ability to speed up the calculation of complex expressions and possibly 

expressions of unknown form.  The stochastic ATC can be found using a Monte Carlo 
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approach, which utilizes multiple load flow studies.  It is recommended to further analyze 

the impact that ANN has on the speed of the stochastic ATC problem. 

 Parallel processing can possibly help speed up the calculation of the stochastic 

ATC problem.  For large systems, running multiple Monte Carlo load flows on one 

computer can take a long time.  Multiple machines running a smaller number of load flow 

studies can possibly lower the computation time of finding the stochastic ATC.  It is 

recommended to integrate parallel processing for this application. 

 The work done in this report is purely theoretical and has not been applied to a 

real system. It is recommended to test the concepts proposed in this report on real 

systems to fully evaluate the usefulness of those concepts. 

 After the August 2003 blackout in the Northeast United States, there has been an 

interest in line outage studies and their effects on bulk power exchange. It is 

recommended to extend the studies shown in Chapter 4 (i.e., single line outages) to 

multiple outages. The calculation of expected ATC in the face of multiple transmission 

outages may be of considerable interest to system operators. 
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A.   The Gram Charlier Series Subroutine 

 
%%%%%%%%%%%%%%%%%%%%% 
% The Gram Charlier Series Subroutine   % 
%        Jonathan W. Stahlhut                      % 
%%%%%%%%%%%%%%%%%%%%% 
function [f,y] = GCS(Moments_ATC) 
 
x = -10:.1:10; %initial range of x for the standard Gram Charlier Series(GCS) 
n = size(Moments_ATC,2); %how many moments of the ATC are used to approximate 
the GCS, for all examples will equal 5 
 
% Subroutine to find the first n Hermite Polynomials 
b = 1; 
for a = 1:n 
    if b == 1 
        t = (a+1)/2; 
        b = 0; 
    else 
        t = (a+2)/2; 
        b = 1; 
    end 
    H(a,:) = X.^a; 
    kk = 1; 
    for k = 2:t 
        kk = kk*(2*k-3); 
        H(a,:) = H(a,:) + (-1)^(k-1)*(X.^(a-2*(k-1)))*(factorial(a)/(factorial(2*(k-
1))*(factorial(a-2*(k-1)))))*kk; 
    end 
end 
 
% the first five GCS constants cj 
c = [ 0 
Moments_ATC(2)/Moments(ATC(2))-1 
Moments_ATC(3)/Moments_ATC(2)^(3/2) 
Moments_ATC(4)/Moments_ATC(2)^(4/2)-6*Moments_ATC(2)/Moments_ATC(2)+3 
Moments_ATC(5)/Moments_ATC(2)^(5/2)-
10*Moments_ATC(3)/Moments_ATC(2)^(3/2) 
]; 
 
%Gaussian Function 
G = (1/(sqrt(2*pi)))*exp((-X.^2)/2); 
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%iterative procedue to find the standard GCS with the Hermite Polynomials and the GCS 
constants 
GCS_CH = 1; 
for g = 1:5 
GCS_CH = GCS_CH + (1/factorial(g))*c(g)*H(g,:); 
end 
 
% the standard Gram Charlier Series 
GCS = G.*(GCS_CH); 
 
% the GCS using the real values for the ATC 
f = GCS./sqrt(Moments_ATC(2)); 
y = sqrt(Moments_ATC(2)).*X + Moments_ATC(1); 
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B.   Additional Line Outage Examples 

 
B.1 Formulation of examples to illustrate line outage effects 
 
 For the line outage cases in this appendix, the 14 bus test bed is used as described 

in Chapter 3. The first example, denominated as Example 14S10-11, evaluates the 

stochastic ATC of the 14 bus system with the line between bus 10 and bus 11 being a 

scheduled outage.  The three different ATC transfers with line 10-11 in and out of service 

compared are shown in Table B.1. 

Table B.1 Lines used for the determination of the stochastic ATC in Example 14S10-11 

Line 
From To 

6 9 
2 9 
3 13 

 
The second example, denominated as Example 14S1-5, evaluates the stochastic 

ATC of the 14 bus system with the line between bus 1 and bus 5 being a scheduled 

outage.  The three different ATC transfers with line 1-5 in and out of service compared 

are shown in Table B.2. 

Table B.2 Lines used for the determination of the stochastic ATC in Example 14S1-5 

Line 
From To 

1 5 
2 5 
2 13 

  
 For both examples, the resulting probability density function plots, first five 

statistical raw moments and expected prices using the price function  

MWxxPATC /$100)(14 =  (B.1)
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are shown.  The differences between the expected value of the transfers and the expected 

price using (B.1) of the transfer are also shown. The differences indicate the impact that 

line outages have on the values of stochastic ATC. 

B.2 Example 14S10-11 

 This example illustrates the stochastic ATC for a scheduled line outage for the 

line from bus 10 to bus 11.  The algorithm used for Example 14S10-11 is the same as the 

illustration in Figure 3.4.  The resulting statistical moments and expected price with the 

line from bus 10 to bus 11 out of service as well as the line in service are shown in Table 

B.3.  From Table B.3 it can be seen that having a line out service will affect the ATC 

significantly for transfers that involve line 10-11.  The differences between the expected 

value of the ATC (i.e. the first moment) and the expected prices,  and  

, of the ATC are shown in Table B.4.  Figures B.1-6 show the probability 

density functions of the ATC with line 10-11 in and out of service. 

][ 14
ATCPE

][ 14
1110−ATCPE

 
Table B.3 Statistical moments and expected price for all transmission lines online and 

line 10-11 out of service in Example 14S10-11 
 

Transfer Statistical moments of the ATC with line 10-11 in service* 

Sending Receiving 
)1(

ATCm  )2(
ATCm  )3(

ATCm  )4(
ATCm  )5(

ATCm  
][ 14

ATCPE  
($) 

3 6 38.3338 7.45E+03 -1.85E+05 1.62E+08 -3.78E+09 3.83E+03
2 9 46.0474 1.28E+04 -2.52E+05 5.14E+08 -2.82E+10 4.60E+03
3 13 41.9471 6.80E+03 -2.91E+05 1.23E+08 -2.28E+09 4.19E+03

Transfer Statistical moments of the ATC with line 10-11 out of service* 

Sending Receiving 
)1(

1110−ATCm  )2(
1110−ATCm  )3(

1110−ATCm  )4(
1110−ATCm  )5(

1110−ATCm  
][ 14

1110−ATCPE  
($) 

3 6 40.8527 7.85E+03 3.07E+05 1.75E+08 1.70E+09 4.09E+03
2 9 40.3125 1.22E+04 2.56E+05 4.82E+08 -1.90E+10 4.03E+03
3 13 26.211 2.00E+04 -1.11E+06 1.65E+09 -3.05E+11 2.62E+03

*ATC in MW 
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Table B.4 Differences of the mean ATC calculated with line 10-11 in service and out of 
service and the expected price of the ATC calculated with line 10-11 in service and out of 

service in Example 14S10-11 
 

Transfer 

Sending Receiving 

  
)1(

1110−ATCm -  )1(
ATCm

(MW) 

  
 
][ 14

1110−ATCPE - ][ 14
ATCPE  

($) 
3 6 2.5189 255.3 
2 9 -5.7349 -568.8 
3 13 -15.7361 -1568.9 
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Figure B.1 PDF of the ATC between buses 3-13 in Example14S10-11 with line 10-11 in 

service 

 
Figure B.2 PDF of the ATC in line 3-13 in Example14S10-11 with line 10-11 out of 

service 
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Figure B.3 PDF of the ATC in line 6-9 in Example14S10-11 with line 10-11 in service 

 
Figure B.4 PDF of the ATC in line 6-9 in Example14S10-11 with line 10-11 out of 

service 
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Figure B.5 PDF of the ATC in line 2-9 in Example14S10-11 with line 10-11 in service 

 

 
Figure B.6 PDF of the ATC in line 2-9 in Example14S10-11 with line 10-11 out of 

service 
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B.3 Example 14S1-5 
 
 This example illustrates the ATC for a scheduled line outage for the line from bus 

1 to bus 5.  The algorithm used for Example 14S1-5 is the same as the illustration in 

Figure 3.4.  The resulting statistical moments and expected price with the line from bus 1 

to bus 5 out of service as well as the line in service are shown in Table B.5. From Table 

B.6 it can be seen that having a line out service will affect the ATC for transfers that 

involve line 1-5.  .  The differences between the expected value of the ATC (i.e. the first 

moment) and the expected prices,  and , of the ATC are shown in 

Table B.6.  Figures B.7-12 show the probability density functions of the ATC with line 1-

5 in and out of service. 

][ 14
ATCPE ][ 14

51−ATCPE

 

 

Table B.5 Statistical moments and expected price for all transmission lines online and 
line 1-5 out of service in Example 14S1-5 

 

Transfer Statistical moments of the ATC with line 1-5 in service* 

Sending Receiving 
)1(

ATCm  )2(
ATCm  )3(

ATCm  )4(
ATCm  )5(

ATCm  
][ 14

ATCPE  
($) 

1 5 63.5553 1.17E+04 9.63E+05 3.18E+08 2.54E+10 6.36E+03
2 5 94.9556 4.00E+04 3.14E+06 4.42E+09 -5.03E+10 9.50E+03
2 13 41.3538 8.52E+03 2.47E+05 2.11E+08 -4.20E+09 4.14E+03

Transfer Statistical moments of the ATC with line 1-5 out of service* 

Sending Receiving 
)1(

51−ATCm  )2(
51−ATCm  )3(

51−ATCm  )4(
51−ATCm  )5(

51−ATCm  
][ 14

51−ATCPE  
($) 

1 5 15.96 4.70E+04 -2.12E+07 1.71E+10 -1.25E+13 1.60E+03
2 5 15.9725 4.23E+04 -1.82E+07 1.40E+10 -9.74E+12 1.60E+03
2 13 14.2658 3.52E+04 -1.41E+07 9.92E+09 -6.36E+12 1.43E+03

*ATC in MW 
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Table B.6 Differences of the mean ATC calculated with line 1-5 in service and out of 
service and the expected price of the ATC calculated with line 1-5 in service and out of 

service in Example 14S1-5 
 

Transfer 

Sending Receiving 

  
)1(

51−ATCm -  )1(
ATCm

(MW) 

  
 
][ 14

51−ATCPE -  
($) 

][ 14
ATCPE

1 5 -47.5953 -4759.5 
2 5 -78.9831 -7898.3 
2 13 -27.088 -2708.8 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 82



 

 
 

Figure B.7 PDF of the ATC in line 1-5 in Example14S1-15 with line 1-5 in service 

 
Figure B.8 PDF of the ATC in line 1-5 in Example14S1-15 with line 1-5 out of service 
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Figure B.9 PDF of the ATC in line 2-5 in Example14S1-15 with line 1-5 in service 

 
Figure B.10 PDF of the ATC in line 2-5 in Example14S1-15 with line 1-5 out of service 
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Figure B.11 PDF of the ATC in line 2-13 in Example14S1-15 with line 1-5 in service 

 
Figure B.12 PDF of the ATC in line 2-13 in Example14S1-15 with line 1-5 out of service 
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C.   List of the Examples 

 This appendix shows a list and explanation for all examples in this report.  Tables 

C.1 and C.2 show the list of examples and the conditions for the report.  In Table C.1, for 

each example, an “x” in the corresponding box shows which analysis and test beds are 

used.  In Table C.2, for each example, an “x’ in the corresponding box are the ATC 

transfers shown in that example. For each example, the corresponding first five statistical 

moments, expected price and PDF plots are shown. 

 
Table C.1 The analysis, test bed, and line outage case possibility for all examples in the 

report 
 

Example 
Stochastic 
analysis 

Monte Carlo 
analysis 

4 bus test 
bed 

14 bus test 
bed Line outage 

4MC  x x   
4S x  x   
14S x   x  

14S2-4 x   x x 
14S6-13 x   x x 
14S10-

11 x   x x 
14S1-5 x   x x 

 
 

Table C.2 Transfers that are shown for each example in the report 
 

 ATC Transfers Shown in for each example 

Example 
All possible 

 transfers 1-13 2-14 1-3 3-6 2-9 3-13 6-9 1-5 2-5 2-13 
4MC x           
4S x           
14S  x x x x x x     

14S2-4   x  x x      
14S6-13  x  x   x     
14S10-11      x x x    
14S1-5         x x x 
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 Example 4MC illustrates the Monte Carlo analysis method of finding the 

stochastic ATC.  The conditions for Example 4MC are 

• all system elements in service 

• all possible ATC transfers shown. 

Example 4MC is used in comparison with Example 4S to validate the stochastic analysis 

method to find the stochastic ATC. 

 Example 4S illustrates the stochastic analysis method of finding the stochastic 

ATC. The conditions for Example 4S are 

• all system elements in service 

• all possible ATC transfers shown. 

Example 4S is used in comparison with Example 4MC to validate the stochastic analysis 

method to find the stochastic ATC. 

 Example 14S illustrates the stochastic analysis method of finding the stochastic 

ATC for a 14 bus system. The conditions for Example 14S are 

• all system elements in service 

• the ATC transfers illustrated in Table C.2 

 Example 14S2-4 illustrated the stochastic analysis method of finding the 

stochastic ATC for the 14 bus system when the transmission line from bus 2 to bus 4 is 

out of service. The conditions for Example 14S2-4 are 

• all system elements in service except for the element connected between buses 2 

and 4 

• the ATC transfers illustrated in Table C.2 
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The purpose for this example is to illustrate how the ATC is affected whenever a system 

element is taken out of service 

 Example 14S6-13 illustrated the stochastic analysis method of finding the 

stochastic ATC for the 14 bus system when the transmission line from bus 6 to bus 13 is 

out of service. The conditions for Example 14S6-13 are 

• all system elements in service except for the element connected between buses 6 

and 13 

• the ATC transfers illustrated in Table C.2 

The purpose for this example is to illustrate how the ATC is affected whenever a system 

element is taken out of service 

 Example 14S10-11 illustrated the stochastic analysis method of finding the 

stochastic ATC for the 14 bus system when the transmission line from bus 10 to bus 11 is 

out of service. The conditions for Example 14S10-11 are 

• all system elements in service except for the element connected between buses 10 

and 11 

• the ATC transfers illustrated in Table C.2 

The purpose for this example is to illustrate how the ATC is affected whenever a system 

element is taken out of service 

 Example 14S1-5 illustrated the stochastic analysis method of finding the 

stochastic ATC for the 14 bus system when the transmission line from bus 1 to bus 5 is 

out of service. The conditions for Example 14S1-5 are 

• all system elements in service except for the element connected between buses 1 

and 5 
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• the ATC transfers illustrated in Table C.2 

The purpose for this example is to illustrate how the ATC is affected whenever a system 

element is taken out of service 
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